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Abstract 

By considering the general properties of approximate units in differentiable algebras, 
we are able to present a unified approach to characterising completeness of spectral metric 
spaces, existence of connections on modules, and the lifting of Kasparov products to the 
unbounded category. In particular, by strengthening Kasparov’s technical theorem, we 
show that given any two composable KTA-classes, we can find unbounded representatives 
whose product can be constructed to yield an unbounded representative of the Kasparov 
product. 
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Introduction 


In this paper we analyse the completeness of metric spaces associated to (nonunital) spectral 
triples, the existence of differentiable structures and connections on modules over algebras 
associated to spectral triples, and we prove that Kasparov products can be lifted to the un¬ 
bounded setting in a very strong sense. The precise conditions under which such liftings 
exist have become important due to recent applications of the unbounded Kasparov product, 

[laiisiEiiiio]. 

These seemingly disparate topics are in fact related by the systematic use of approximate 
units for differentiable algebras, introduced below. Technical advances in approximate units 
have often heralded conceptual advances in operator algebras and noncommutative geometry. 
Pertinent examples include quasicentrality [T], Higson’s proof of Kasparov’s technical theorem, 
[25] . and the early approaches to summability for nonunital spectral triples, [23]HI]. 

In this paper we refine the notion of approximate unit further by looking at differentiable 
algebras of spectral triples (or unbounded Kasparov modules). Given a separable C'*-algebra A 
with spectral triple {A, IK, T), we define a differentiable algebra to be a separable *-subalgebra 
A with 


AdA-X) 


|a G A : [T,a] is defined on DomT, ||a||D := 




< oo 


which is closed in the norm || • ||d and dense in the C'*-algebra A. Here || • ||oo is the usual 
norm of operators on IK 0 IK. While we can always choose an approximate identity {un) for A 
consisting of elements of the prescribed dense subalgebra A, the requirement that (n„) be an 
approximate unit for A is much stronger, and yields finer information. 

For spectral metric spaces associated to spectral triples we obtain a characterisation of metric 
completeness in terms of the existence of an approximate unit {un) for A whose Lipschitz norm 
is uniformly bounded in the sense that sup„ ||[2),Un]||oo < oo. This extends previous results of 
Latremoliere [38] to unbounded metrics. By addressing completeness in a way compatible with 
[39] . we complement Latremoliere’s more refined picture of unbounded spectral metric spaces. 

In addition, we obtain stronger forms of metric completeness, characterised by the requirement 
that the ‘derivatives’ [T>,Un] of the approximate unit converge to zero in norm. This property 
corresponds to ‘topological inhnity’ being at inhnite distance, and reflects the behaviour of 
geodesically complete manifolds. We present examples illustrating this analogy in Section 2. 

Beyond metric properties, we use completeness and approximate units to describe a refinement 
of unbounded Kasparov modules and correspondences for which the Kasparov product can be 
explicitly constructed. Our main results then show that any pair of composable KK-classes 
have representatives which can be lifted to such modules. These results rely in an essential 
way on the two notions of completeness we introduce in Sections 1 and 2, and generalise all 
previous such constructions. We now describe these results in more detail. 

We begin Section 1 by establishing the basic concepts and notation that we will use throughout 
the paper, in particular (non-self-adjoint) operator algebras and their approximate units. Then 
we prove a range of results about bounded approximate units in operator algebras, which 
greatly extend known results about contractive approximate units. A key result is Theorem 1 1.71 
which says 
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Let A he an operator algebra with bounded approximate unit {ux), and tt : A ^ B(5{) a cb- 
representation. Then 'k{ux) converges strongly, and hence weakly, to an idempotent q G B(5{) 
with the following properties: 

1) for all a G A, q7r{a) = iT{a)q = 7r(a); 

2) qJi = [7:{A)A:]; 

3) (1 - q)‘K = Nil 7r{A); 

4 ) Ikll < Ikllsup;, II-uaII- 

The close relationships between the notions of approximate unit, unbounded multiplier and 
strictly positive element for differentiable algebras which one would expect from the correspond¬ 
ing C'*-theory only hold when we have the strong form of completeness, namely [T>, Un] —>■ 0 in 
norm. Such approximate units may be normalised by replacing them by := || J‘'| | ^ to obtain 
an approximate unit that is contractive, i.e. ||'Un||D < 1- The result on which the rest of the 
paper relies is Theorem 11.251 which says 

Let D : DomD C Eb —)• Eb be self-adjoint and regular and A C Lip(I)) a differentiable algebra 
such that [AEb] = Eb- Then the following are equivalent: 

1) there exists an increasing commutative approximate unit {un) C A with || [D, ||oo —)• 0; 

2) there exists a positive self-adjoint complete multiplier c for A; 

3) there is a strictly positive element h G A with im {'D±i)~^h = im h{T)±i)~^, and constant 
C > 0 with i[D, h] < Chf. 

Our characterisations of completeness are also essential ingredients in constructing useful mod¬ 
ules over differentiable algebras. By considering the behaviour of approximate units for the 
finite rank operators on such modules, we are led to two classes of modules: projective mod¬ 
ules, and complete projective modules. These modules are characterised by the existence of 
certain types of approximate units for their compact endomorphisms, and it is in this setting 
that we can systematically relate frames, splittings of the Cuntz-Quillen sequence, and exis¬ 
tence of connections. This is discussed in Section 3. In particular we gain tools for studying 
self-adjointness of operators arising when we take Kasparov products, and Theorem 13.171 proves 

Let £5 he a complete projective module for the unbounded Kasparov module (!B,Fc,!D). Then 
the densely defined symmetric operator 1 ( 8 )v T> on E.^'bEc is self-adjoint and regular. 

The proof of the self-adjointness of the operator 1 D relies on the local-global principle of 
Kaad-Lesch, [30], and on the completeness of the module £$. The resulting argument is in the 
spirit of self-adjointness proofs for Dirac operators on complete manifolds. 

To prove our results about representing Kasparov classes as composable unbounded Kasparov 
modules, we extend the notion of quasi-central approximate units to differentiable algebras. 

We obtain a novel, strong form of quasicentrality in the general context of non-self-adjoint 
operator algebras in Theorem 14.131 Our results concerning existence of such approximate 
units are new even for C*-algebras. This study culminates in a refinement of Kasparov’s 
technical theorem for differentiable algebras in Theorem 14.161 Both the statement and the 
proof are in the same spirit as Higson’s version, [25]. 

With this tool in hand, we show that given an arbitrary pair of composable Kasparov classes, 
we can find unbounded Kasparov modules which represent these classes and whose product can 
be constructed in the unbounded setting. This is done by associating to a bounded Kasparov 
module a correspondence in a slightly broader sense than was used in [laEiisi]. Earlier forms 
of this lifting construction were hrst considered in | 3 | to handle external products, and later 
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in [36], in the context of internal products. We prove successively stronger lifting results in 
Theorem 14.51 Proposition 14.181 Theorem 14.211 and Proposition 14.261 culminating in Theorem 
14.271 which says 

Let A,B,C be separable C*-algebras, x G KK{A,B) and y G KK{B,C). There exists an 
unbounded Kasparov module ('B,Ec,T) representing y and a correspondence V) for 

{'B,Ec,T) representing X. Consequently {A,Eb®bEc-,§>®'^ + '^®vT) represents the Kasparov 
product x®By- 

This result can also be interpreted as an alternative proof of the existence of the Kasparov 
product. By proving the existence of unbounded representatives of a very special form, the 
product can be constructed via an explicit algebraic formula. To lift Kasparov modules to 
unbounded representatives, we prove the existence of, equivalently, either a frame, an approx¬ 
imate unit or a strictly positive element possessing certain properties. Given such a frame, 
connections and so products become explicitly computable. 

The unbounded Kasparov modules we construct are ‘complete’ in the strong metric sense, so 
every KK-class has such a representative. On the other hand, not every unbounded repre¬ 
sentative of a Kasparov class is ‘complete’. For instance Kaad’s example of the half-line, |29j . 
or Baum, Douglas and Taylor’s examples, |5], from manifolds with boundary will not satisfy 
our completeness requirements. If we take the associated KK-class of the Dirac operator on 
a manifold with boundary, and then lift a bounded representative to a complete unbounded 
module, we will have seriously altered the geometry. 

Acknowledgements This work has profited from discussions with S. Brain, I. Forsyth, V. 
Gayral, M. Goffeng, N. Higson, J. Kaad, M. Lesch, A. Sims and W. D. van Suijlekom. AR 
was supported by the Australian Research Council. BM was supported by EPSRC grant 
EP/J006580/2. The authors thank the Hausdorff Institute for Mathematics for its hospitality 
and support during the (northern) fall of 2014, as well as the University of Wollongong for 
hosting BM on several occasions in 2012-2014. 


1 Approximate units and unbounded multipliers for operator algebras 

This section begins by recalling some of the basic elements of operator algebras we require. 
Then we address the definitions of, and relationships between, approximate units, strictly 
positive elements and unbounded multipliers. Eor C'*-algebras these notions are closely related 
due to the connection between the norm and the spectrum. Here we must work somewhat 
harder, but the outcome is a systematic way of capturing the notion of metric completeness, 
and this plays a significant role throughout the rest of the paper. 

1.1 Operator algebras and differentiable algebras 

By an operator algebra we will mean a concrete operator algebra, that is, a closed subalgebra 
A <Z B oi some C'*-algebra B. By representing B isometrically on a Hilbert space TC, we can 
always assume that B = An operator ^-algebra 131(141] is an operator algebra A C B(fK) 

with a completely bounded involution * : A —)• A. This involution will in general not coincide 
with the involution of the ambient C'*-algebra B(TC), unless A itself is actually a C'*-algebra. 

There are two C'*-algebras canonically associated to a concrete operator *-algebra A <Z B. 
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The first is the enveloping C*-algebra C*{A), dehned to be the smallest C*-subalgebra of B 
containing A. In fact this C^-algebra depends only on the inclusion A G B, i.e. on the 
structure of >1 as a concrete operator algebra. The second C'*-algebra is the C*-closure A, 
constructed from viewing A as & Banach *-algebra, and completing in the C^-norm coming 
from the square root of the spectral radius of a*a. The two C*-algebras are almost always 
different, as A is always dense in A, but is usually not dense in C*{A). 

The main examples of operator algebras that we consider arise in the following setting. Given 
an unbounded (even) (A, B) Kasparov module {A, Eb, T>), we denote the algebra of adjointable 
operators on the C'*-module Eb hy End 5 (K). The algebras A and B are (possibly trivially) 
Z 2 -graded, as is the module E, and all commutators are Z 2 -graded. The grading operator on 
E will be denoted by 7 or 7^ when needed, and we observe that if B is non-trivially graded, 
"fE is not an adjointable operator, and yE{eb) = yE{&)lB{b), where 7 s is the grading on B. In 
addition we have the identities 


[T), 7 r(a)] =T) 7 r(a) - 7 r( 7 A(a))Ti, [V,7r{a)]* = -[T, 7 r( 7 yi(a*))], 7r{jA{a)) = 7E7r(a)7i?- 

See [ 6 ] for more information. When no confusion can occur, we will just write 7 in all cases. 
We realise the full Lipschitz algebra 


A-b = {a £ a : oDomI) C DomT, [T,a] G End^(K)} 


as an operator *-algebra via 


ttd : Ab 9 a I—>• 7rD(a) := 


( ^(«) 

V[T),7r(a)] 


0 ^ 

7r(7(a))y 


€ EndUE). 


( 1 . 1 ) 


Here tt : H —)• End|j(E) is the representation implicit in the Kasparov module (H,Eb,T>) and 
it will often be suppressed in the notation (as in the Introduction). Throughout the paper we 
will denote U = (? ” 0 ^) ■ The involution is completely isometric in this case because 


7ri,(a*) = U* 


( ^(7(a)) 
V[T,vr(7(a))] 



U = U*7rB{y{a))*U, 


cf. [m cf. Proposition 4.1.3]. 

We will call ttb the standard Lipschitz representation of Ab-, and always consider Ab to be 
topologised by the operator norm ||vrD(a)||cxD in this representation. If A is not represented 
faithfully on Eb, the standard Lipschitz representation should be modified to 


o !-)• a © 7rD(a) G H © End^(E © E). 

We will always suppress this modification as it is inconsequential for our computations (in fact 
it only obscures them). 

A more general setting where this operator algebra structure can be discussed is symmet¬ 
ric spectral triples or symmetric Kasparov modules, m Section 3]. Here we have a triple 
(A, Eb, T) with T a (closed) symmetric regular operator such that the subalgebra A of a G A 
for which a ■ DomT* C DomT and [T*,a] is bounded is dense in A and also a(l + T*T)“^/^ 
is compact for all a G A. 
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Remark 1.1. In this case [D*,a]* = — [D*,a*], initially defined on DomD*, [22l cf. Proposition 

2.1] . The associated quadratic forms coincide on DomT* and the boundedness of 
ensures then that the continuous extensions to Eb coincide. 

We can again use the representation 

ttd : yiD 9 a 7rD(a) := G End|j(£’ © E) (1.2) 

to give Ad the structure of an operator space. More generally still, associated to a closed 
symmetric regular operator T on a C'*-module is the operator algebra 

Lip(T) := {T G End|j(E) : TDomT* C DomT, [T*,r] G End|j(E)}, (1.3) 

the Lipschitz algebra of T>, which is an operator algebra in the representation ttd (cf. [41( Def. 

4.1.1] ). By [m Sec. 4.2], Lip(2)) is spectral invariant in its C'*-closure, and hence stable under 
the holomorphic functional calculus. The same holds for any closed subalgebra of Lip(T). 

Definition 1.2. Let T> : DomT — )• Eb be a closed symmetric operator. A differentiable 
algebra is a separable operator *-subalgebra A C Lip(T) which is closed in the operator space 
topology given by ttd. By projecting onto the first component of t:d{A), the C'*-closure of a 
differentiable algebra A coincides with the closure of A viewed as a subalgebra of End^(E'), 
and is thus a C'*-algebra. 

Remark 1.3. We will present examples at the end of Section [2] showing that for an unbounded 
Kasparov module (A, Eb, T), in general one needs to choose algebras smaller than Ad in order 
to apply the methods that we develop in the remainder of the paper. Therefore we employ the 
notation (A,E^jT) for unbounded Kasparov modules, where A C Ad is a closed subalgebra 
in the Lipschitz topology whose C'*-closure is A. 

Operator spaces and modules play a central role in this paper and we now introduce some 
concepts of operator space theory that we will need. All operator spaces we encounter are 
concrete operator spaces, that is, given explicitly as closed subspaces of B(1K) for some Hilbert 
space TC. For a comprehensive treatment of operator algebras and modules, see [7]. 

The main feature of an operator space X is the existence of canonical matrix norms, that is, 
a norm jj • ]]„ on Mn{X) for each n G N. For a concrete operator space X C B(ll{) these norms 
are obtained from the natural representation of Mn{X) on B(1K’^). 

A linear map f : X ^ Y between operator spaces X and Y is completely bounded if 
ll^llcb := sup{sup ll(()(a:ij)llM„(y) : \\{xij)\\Mr,{x) < 1} < oo, 

n 

and we refer to JJi^llcb as the ch-norm of f. The map cf is completely contractive if JJ^Ucb < 1- 

If we are given an operator algebra A C B(TC) and an operator space X C B(1K), we say 
that A is a concrete left operator A-module A A ■ X d X. Here • denotes the usual operator 
multiplication in B(ll{). Right modules are defined similarly. 

The Haagerup tensor product of operator spaces X and Y is defined to be the completion of 
the algebraic tensor product X ®Y over the complex numbers, in the Haagerup norm 

\\4h := inf{|| III! (1.4) 
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and the completion is denoted X®Y. In case X is a left and y is a right operator ^l-module, 
the Haagerup module tensor product X®jiY is the quotient of X®Y by the closed linear span 
of the expressions x® ay — xa®y. The norm on X®j{Y is the quotient norm. 

The main feature of the Haagerup tensor product is that it makes operator multiplication 
X®A X continuous for operator modules. An equivalent way of defining operator modules 
is by requiring the multiplication to be contractive on the Haagerup tensor product, cf. m 
Cor. 3.3]. See also [TJ Thm. 3.3.1] and [K)] . 

By an inner product operator module [301 E] we mean a right operator module £ over an 
operator *-algebra "B, that comes equipped with a sesquilinear pairing 

£ X £ ^ B, (61,62)1-^(61,62), 

satsisfying the usual inner product axioms, 

( 61 , 626 ) = ( 61 , 62 ) 6 , ( 61 , 62 )* = ( 62 , 61 ), ( 6 , 6 )> 0 inH, (e, 6 ) = 0 6 = 0 , 

and the weak Cauchy-Schwarz inequality ll(6i, 62)112 < C'jjeijj£jj 62 ll£ on the level of matrix 
norms, for some C > 0. Notice that we do not require £ to be complete in the norm := 
11(6,6)112. Completion in this norm will give a C'*-module over the C*-closure of B. The 
norm on £ is additional data that is in general not constructible from the inner product 
alone, as demonstrated by the following example. Consider the operator *-algebra Ad in the 
representation viewed as an inner product module over itself via (a, 6) := a*b. The norm 

of a G A is given by ||a|||, = || 7 r 2 i(a)* 7 r 2 i(a)|| / || 7 r 2 )(a*a)|| = || 7 r 2 ((a, a))||. 

1.2 Bounded approximate units 

In this section we gather some useful facts about bounded approximate units in the general 
setting of operator algebras. In everything that follows, || • || denotes the norm on an operator 
algebra, while || • ||oo will denote the usual norm on operators on a Hilbert space. For the 
example of a (symmetric) spectral triple (A, A,!)) we have ||a|| = ||vr 2 )(o)||oo- 

Definition 1.4. Let A be an operator algebra. A bounded approximate unit is a net {ux)x£A £ 
A such that: 

1 ) SUP;^ IIuaII < 00; 

2) for all a G A, limA_;,oo ~ «|| = liniA^cxD ||a?^A ~ «|| = 0- 

The bounded approximate unit is commutative if uxu^ = uxUfj, for all A, // G A and sequential 
in case A = N. 

By a cb-representation of an operator algebra A we mean a completely bounded algebra ho¬ 
momorphism TT : A —)• ]B(1K), where IK is a Hilbert space. A representation vr is essential 
(also called nondegenerate in the literature) if 7 r(A)lK is dense in A. Our first aim is to show 
that in any cb-representation of an operator algebra A, a bounded approximate unit converges 
strongly to an idempotent. 

Let TT : A ^ ]B(BC) be a cb-representation. For VF C A, denote by VF-*- its orthogonal 
complement, by [IF] the closed linear span of IF, and set 

7 r(A)IK := { 7 r(a) 6 , : a G A, h G IK}. 
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The Hilbert space “K splits as a direct sum of closed orthogonal subspaces in two ways: 

IK = [tt{A)‘K] © [tt{A)A:]^ = [ixiAfA] © [7r(yi)*lK]^. 

Another important subspace of “K associated to vr is 

Nil '7r(yi) := {h £ !K : 7r{a)h = 0 for all a G A}. 

Lemma 1.5. Let A he an operator algebra and vr : A —)• ]B(1K) a cb-representation. Then 
Nil 7r(yi) = [7r(A)*:K]^. 

Proof. For h £ Nil 'k{A) and u G IK, a G A we have (/i, 7r(a)*u) = {Tr{a)h, v) = 0, so Nil 7r(yi) C 
[7r(yi)*lK]-*-. Now let h £ [7r(A.)*lK]-*-, v £ tK and a £ A. Then {7r{a)h,v) = {h,Tr{a)*v) = 0, so 
TT{a)h = 0 and h £ Nil 7r(yi). □ 

Lemma 1.6. Let A be an operator algebra with bounded approximate unit (ux) and also let 
vr : A —7- B(1K) be a cb-representation. Then: 

1) 7r{ux)h —)• h for all h £ [7r(yi)lK]; 

2) Nil 7r(yi) n [7r(yi)?{] = {0} = Nil 7r(yi)* n [7r(yi)*lK]. 

Proof. To prove 1), let h = 7r{a)v and observe that 7r{ux)h —)■ h since {ux) is an approximate 
unit. So the convergence property is satisfied by all /i in a dense subset of [7r(yi)lK]. Uniform 
boundedness of {ux) now gives the result for all h £ [7r(yi)lK]. 

For 2), let h be a vector in the intersection Nil 'x{A) n ['k{A)‘K] so that TT{ux)h -£ h as above, 
since h £ ['k{A)‘K]. On the other hand, since h £ Nil vr(A), we have 7r{a)h = 0 for all a £ A, 
so in particular 7r{ux)h = 0 for all X, so h = 0. Similarly Nil 7r(A)* 0 [7r(yi)*lK] = {0}. □ 

The following theorem generalises the observations in the appendix to m- The result has 
been known for contractive approximate units for a long time: see for example [71 Lemma 
2.1.9] and its proof. 

Theorem 1.7. Let A he an operator algebra with bounded approximate unit (ux), and vr : A —)• 
B(1K) a cb-representation. Then the net {tt{ux)) converges strongly, and hence weakly, to an 
idempotent q £ B(1K) with the following properties: 

1) for all a £ A, q'x{a) = 'n'{a)q = vr(a); 

2) qJi = [7:{A)A]; 

3) (1 - q)'K = Nil 7r(A); 

4 ) Ikll < Ikljsup;, II'UaII- 

Proof. Denote by p the projection onto [7r(yi)lK] and by p* the projection onto [7r(yi)*lK]. The 
bounded and self-adjoint operator 


a; (p+ (1 -p*))x, 

is injective, for if (p + (1 — p*))x = 0 then px = — (1 — p*)x so 

px £ [tt{A)a:] n [7r(yi)*iK]^ = [tt{a)a] n mi tt{A) = {o}. 

Therefore px = (1 — p*)x = 0 and x = (1 — p)x = p*x, so 

X G [vr(A)©:]^ n [7r(yi)*lK] = Nil 7r{A)* n [7r(A)*lK] = {0}. 


8 


Since p+ {1 — p*) is self-adjoint, 

[Im(p (1 - p*))] = ker(p (1 - p*))-^ = IK, 

and therefore \m.{p -|- (1 — p^,)) is dense in “K. In particular, the subspace [7r(74)lK] -|- Nil 'k{A) 
is dense in !K. Now let ^ € IK and e > 0. Choose x € [7r(yl)lK] and y £ Nil 'Jt{A) such 
that 11^ — X — y\\ < with C := sup ||7r(ttA)||. Now choose X < p large enough such that 
||7r(uA — Ufj_)x\\ < |. Then 

lk(uA - u^)^|| < ||7r(uA - Uf,){x + 2 /)|| + ||7r(uA - -x-y)\\ 

< \\Tr{ux - u^)x\\ + ||7r(uA - -x- y)|| ^ | | 

which shows that ( 7 r(uA)) is a strong Cauchy net. Since the strong operator topology is complete 
on bounded sets, the sequence has a limit q. By definition of q 

q7r{a) = 7r(a) = 7r{a)q, (1-5) 

which proves 1). From this it follows that 

q"^^ = hm7r(uA)gC = lim7r(uA)? = q^, 

A A 

so q is idempotent and in particular has closed range. It is immediate from the definiton of q 
and Equation (jl.5jl that 

7r(yi)lK C Img c [7r(yi)lK], 

and so Img = ['k{A)'K\, proving 2). For 3), observe that 

7 r(a)(l -q) = {l- q)'K{a) = 0, 

so we have Im(l — g) C Nil 7r(yl). If h £ Nil vr(yl), then g/i = 0, so /i = (1 — q)h £ Im(l — q). 
Finally, 4) follows from 

||g|| = sup \\qh\\ < sup || lim7r(ttA)/i|| < ||7r|| sup ||ua|| □ 

||h||<i ||h||<i A A 

Corollary 1.8. The Hilbert space TC splits as a non-orthogonal direct sum IK = [7r(A)lK] 0 
[ 7 r(^)*K:]-L. 

Such splittings for C*-modules need to be handled with more care, and we only treat the case 
of symmetric Kasparov modules with some additional convergence hypotheses. Recall that the 
strict topology on End^(F) is defined by the seminorms ||r||e := max{||Te||, ||T*e||}, and thus 
models pointwise convergence on 

Proposition 1.9. Let {A,Eb,T)) he a symmetric Kasparov module for which ['k{A)Eb\ is a 
complemented submodule of Eb and p £ End^(Fs) the corresponding projection. Let (un) be 
a sequential bounded approximate unit for the differentiable algebra A. Then: 

1) p is the strict limit of (un); 

2) p^D* ,Un]p —)• 0 strictly; 

3) if {TtUnc) converges for all e £ DomR* then p £ Lip(R*) and [T)*,p] is the strict limit of 
the sequence {[T>,Un]). 
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Proof. Let p be the projection onto [tt{A)Eb], which exists because this submodule is com¬ 
plemented. For e € [Tr{A)EB] we have UnS e, since UnO, —)• a in the C*-norm. Moreover 
pa = ap = a for all a £ A, and thus (1 — p)a = a(l — p) = 0. Therefore 

lim UnB = lim Unpe -)- u„(l — p)e = lim Unpe = pe, 

n n n 

and Un ^ p strictly, proving 1). Since {un) is a bounded approximate unit for A, the sequence 
of operators [!)*,«„] is uniformly bounded. For a £ A and e £ DomD* we have 

[T)* ,Un]ae = [T>*,Una]e — o]e. 

Since ae = pae = ape, multiplying on the left by p yields 

p[T)*,Un]pae = pIV*,U na]pe - pUn['D*, a]pe. 

Both terms on the right hand side converge to p[T>*,a]pe, and so the right hand side converges 
to zero. Hence the left hand side also converges to zero. As vectors of the form ae are dense 
in pEb, we see that p['D*,Un]p converges strictly to zero, which proves 2). 

To prove 3) we first show that p maps DomT* into DomD. As {A, Eb,T>) is a symmetric 
Kasparov module, each Un maps the domain of D* into the domain of T>. Since, by assumption, 

{v‘e) = (vul) ’ 

is convergent and by 1) the projection p is the strict limit of the we find that 

lim = 

n->-oo yjJe J J 

Now the graph of T> is closed so it follows that pe £ Dom T> and 

X = lim VunB = T>pe. (1.6) 

n^oo 

Now observe that, since pDomT* C Dom 2) we can write for e £ DomD* 

[D, Un]e = [D, Un]pe + [D, «„](!- p)e 

= Dunpe — Un'Dpe + T>Un{l — p)e — — p)e 

= T)Une — UrfPpe — tin2)*(l — p)e 

T)pe — pT)pe — pT>*{l — p)e by Equation (11.61) 

= ['D*,p]e, 

which tells us that [iD,Un] converges to [T>*,p] on Dom2)*. Since the sequence [T>,Un] is 
bounded, it converges strictly on all of Eb, and the operator [T>*,p] is thus bounded on 
Dom 2)*. This proves 3). □ 

Remark 1.10. It would be desirable to remove the convergence hypothesis in 3). At present it 
seems unlikely to be possible without further assumptions. 

In fact our seeming flexibility in allowing symmetric operators is redundant in the presence of 
a bounded approximate unit. 


10 


Corollary 1.11. Let {A,Eb,T)) be a symmetric Kasparov module with A ■ Eb dense in Eb- 
If A has a sequential bounded approximate unit then T) is self-adjoint. 

Proof. Suppose we have an approximate identity {un) with \fD*,Urf\ uniformly bounded in n. 
Then by Lemma 11.91 [T)*,Un] —)• 0 strictly, since p = 1. Thus for e G DomT* we find 

V*Une = [V*,Un]e + UnV*e V*e. 

As we also have UnC —e, and UnC G DomT, we see that e is in the graph norm completion of 
DomT. As e G DomT* was arbitrary, DomT* C DomT and so T is self-adjoint. □ 

1.3 Bounded and unbounded mnltipliers of differentiable algebras 

It is a well-known fact that for a Banach algebra A with a bounded approximate unit, the 
multiplier algebra M(A) is isomorphic to the strict closure of A, and contains A as an essential 
ideal [431 Ch 5]. Similarly, a representation A —)■ ]B(TC) of a C'*-algebra A on a Hilbert space 
TC extends to a representation of the multiplier algebra M(A) on that same Hilbert space. We 
discuss these notions here for operator algebras with bounded approximate unit. 

For an operator algebra A, M(A) inherits matrix norms by viewing elements of M(A.) as 
operators on A. The next lemma shows that the presence of a bounded approximate unit 
ensures that this norm, when restricted to A, is cb-equivalent to the original norm on A, 
ensuring that the inclusion is a cb-equivalence. 

Lemma 1.12 (cf. Chapter 5 of |43] i. Let A be an operator algebra with bounded approximate 
unit. Then the norm on M„(A) is equivalent to the norm 

||®||op,n •— sup ||o6||n,, ||o^||op,n ^ ll®l|n ^ CUflUop,?!) 

l|b|L<l 

with C a constant independent of n. 

Proof. Obviously, it holds that ||a||op < ||a||. If ma is a bounded approximate unit, then 
^II^^aII < 1 for some fixed constant C and all A. For any e > 0 there exists A such that 
\\b — bu\\\ < £ and thus 

^(l|4|l - ^(l|(>ll - l|4 - (>«aII) < l||taAll < l|6|kp, 

which proves the assertion. The argument for the matrix norms || • ||n is verbatim the same 
using the bounded approximate unit {u\ ■ Id„). □ 

Definition 1.13. Let A be an operator algebra with bounded approximate unit. We define 
the multiplier algebra M(A) to be the strict closure of A. That is 

M(A) '.= {T : A —>• A : 3 a net (6 a) C A such that Va G A lim ||6Aa—Tail = lim ||o6a— oT|| = 0}, 
with norm ||r|| := ||T||op cf. Lemma [LT2j 

It is worth noting that the strict topology on Endg(£') as dehned before Proposition 11.91 
coincides with the strict topology in the sense of Definition 11.131 defined by the ideal K.{Eb). 


11 






Lemma 1.14. Let A be an operator algebra with bounded approximate unit {u\) and tt : 
A —>• be an essential cb-representation. Then it extends uniquely to a cb-representation 

vr : M(yi) —>• such that 7r(l) = 1. 

Proof. By assumption TC = ['k[A)‘K]^ so for all h £ “K we have 7r(u\)h — )• /i by Lemma 11.61 
Since M(yi) is the strict closure of A, for all b G M(yl) it holds that sup;^ ||^wa|| < oo and for 
all a £ A, {bu\a) is a Cauchy net in A. Therefore 

7r(6)7r(a)/i := llm.'K{bu\a)h., 

A 

is a Cauchy net for all a G and h £ TC. Thus 7r{bux)h converges for h £ 'k{A)‘K. Since this 
subspace is dense in fh and the net {'K{bu\)) is uniformly bounded, the net is strongly Cauchy 
on "K. This proves that the assigment h i—lim^ vr(6uA)h defines a bounded operator on IK. 
For a G .A and h £ M(A), it is immediate from the definition that Tr{ab) = 7r(a)7r(6). Then for 
a,b £ M(A) we have 

7r{a)'K{b)h = 7r(o)(hm 7r(6uA)/i) = linnr{abux)h = Tr{ab)h, 

A A 

proving that the extension of vr is a homomorphism. Since for all a G A and b £ M(A) we have 
buxa —>• ba in A, it is immediate that any other cb-extension of tt must coincide with the one 
given, proving uniqueness. □ 

Lemma 1.15. Let A be an operator algebra with bounded approximate unit {ux) C A and 
TT : A —?• B(IK) an essential cb-isomorphic representation. Then: 

1) the strict closure M(A) of Tr{A) is cb-isomorphic to the idealiser of 'it{A) £ ]B(IK); 

2) every element T £ M(A) is the strict limit of a bounded net in A; 

3) if 3 C A is a closed ideal, then 3 is a closed ideal in M(A). 

Proof. By Lemma 11.141 tt extends to a representation of M(A). Let T be an element of 
7r(M(A)), so that there is a net (bx) C A with the property that for all a G A 

\\bxa-Ta\\, \\abx - aT\\ ^ 0. 

Since A is norm closed and vr is cb-isomorphic, it follows that 7r(Ta), Tr{aT) £ 7r(A) for all 
a G A, so 7r(T) idealises 7r(A). Now let T £ ]B(IK) be such that T7r(a), 7r(a)T G '/r(A) for all 
a G A. Consider the net Ttt{ux) £ '/r(A). For o G A we have 

||r7r(uAa) — r7r(a)|| < ||T||||7r(uAa — a)|| —^ 0, ||7r(a)r7r(uA) — 7r(a)T|| —)• 0, 

so since vr is cb-isomorphic and essential, T is the image of an element in M(A). For the second 
statement, observe that T is the strict limit of the bounded net (Tux), as in Lemma ll.121 For 
the third assertion, let T £ M(7r(A)) and j £ 3- Since Tj £ A, the net {uxTj) converges to Tj 
in norm. But uxT G A so this net actually lies in 3- Since 3 is closed, Tj £ 3, and similarly 
for JT. □ 

Theorem 1.16. Any cb-representation vr : A —)• B(IK) of an operator algebra with bounded 
approximate unit extends uniquely to a representation tt : M(A) —)• B(IK) of the multiplier 
algebra M(A), such that 7r(l) is an idempotent satisfying 7r(l)IK = [7r(A)IK] and (1 — 7r(l))IK = 
Nil 7r(A). 
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Proof. The Hilbert space !K is cb-isomorphic to the nonorthogonal direct sum gTC 0(1 — g)lK, 
with q as in Proposition [T21 The representation vr is essential on qlK and 0 on (1 — q)Ji. Thus, 
Lemma 11.141 gives a representation M(>1) —)• B(qlK), which extends to 0 on (1 — g)lK, thus 
giving the desired representation vr : M(yi) —)• B( 1 K). By construction 7r(l) = q. □ 

We now consider multiplier algebras for closed subalgebras of Lip(!D), and in particular for 
differentiable algebras of spectral triples. 

Proposition 1.17. Let T> : DomT —)• Eb he a self-adjoint regular operator and A C Lip(I)) 
a closed subalgebra with bounded approximate unit and assume [AEb] = Eb- The multiplier 
algebra M(yi) is cb-isomorphic to the algebra 

{T e M(H) : TDomT C DomT, TA, AT d A, ['D,T] e End%{EB)}, (1.8) 

topologised by the representation given in Equation m- The inclusion M(yi) —)• M(H) is 
spectral invariant. 

Proof. The algebra defined in (II. 8 |) is clearly a subalgebra of M(H) contained in the idealiser 
of 'k-b[A) inside End_B(ii^ 0 E). The other inclusion can be seen by writing 

fTii ri 2 \ fa _ fTiia-^Ti2[T>,a] Ti 2 a\ 

V21 T 22 ) V2ia + T22[T,a] T22a) ' 

and observing that for this to be an element of A for all a £ A, Ti 2 a = 0 for all a £ yi and 
hence ri 2 = 0 since A is essential. It then follows that Tua = T 220 . for all a G >1 which implies 
Til = T 22 , again because A is essential. Writing Tn = T, one again derives from essentiality of 
A that T must preserve the domain of T. Finally we get the equation [T, To] = T 2 io 0 T[T, o], 
which implies that T 21 = [T, T] which is therefore bounded. Thus the algebra (|1.8p contains 
the idealiser of 7rD(yi), and is therefore equal to it. 

Since [AEb] = Eb, we have vrD(l) = 1 , using Lemma [1.141 and the representation ttd is 
essential. An argument similar to that given in the proof of Lemma 11.141 shows that the strict 
closure M(A) maps into End^(T 0 T), whereas the argument given in Lemma [1.151 shows that 
the idealiser of ttd (A) in End^(T 0 E) coincides with the image of this strict closure. The 
norm on the strict closure is given by Equation (11.711 , and the equivalence of norms given there 
proves that M(A) is cb-isomorphic to the idealiser (11.81) . Spectral invariance of the inclusion 
M(A) C M(A) now follows from spectral invariance of Lip(T) C End]^(T'B), cf. [HI Thm 
B.3]. □ 

In |42] it was shown that any operator algebra A admits a canonical unitisation. In this 
paper, our main examples are closed subalgebras A C Lip(T), where T is a self-adjoint regular 
operator on a C'*-module Eb with essential A representation. In this setting we can construct 
unitisations concretely. 

Definition 1.18. Let T : DomT —)• Eb be a self-adjoint regular operator and A C Lip(T) a 
differentiable algebra with bounded approximate unit and C'*-closure A. If [ATb] = Eb, the 
unitisation A'^ C M(A) C Lip(T) is the algebra generated by A and vrD(l) = 1. 

Remark 1.19. The requirement that [AEb] = Eb is not a severe restriction. By |33l Lemma 
2.8] every class in KK{A,B) can be represented by a bounded Kasparov module {A,Eb,F) 
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with [AEb] = Eb- Combining this with Kucerovsky’s lifting results |36l Lemma 1.4, Lemma 
2.2], every class in KK{A,B) can be represented by an unbounded module {A, Eb,T)) with 
[AEb] = Eb- Thus, the only serious hypothesis in Definition 11.181 is that A have a bounded 
approximate unit. Unless otherwise stated, 

from now on we assume that all unbounded Kasparov modules are essential. 

Unbounded multipliers on C'*-algebras were introduced by Baaj ([3]) and Woronowicz ([39])- 
In the differentiable setting, the definition of unbounded multiplier requires a bit more care, 
because of the absence of the strong relation between norm and spectrum. 

Definition 1.20. Let 71 be a differentiable algebra. A linear map c : Dome C A, —)• 71, defined 
on the dense right ideal Dom c C A is a multiplier if c{ab) = {ca)h for all a G Dom c and 6 G A. 
The operator c is a symmetric unbounded multiplier if: 

1) c is closed; 

2) for all a,b G Dome we have {ca)*b = a*(c6); 
and c is self-adjoint if 

3) c± z are surjective and (c± i)~^ G M(A). 

The multiplier c is positive if for all a G Dome we have {ca)*a > 0 in C*{A). 

The spectral invariance of the inclusion M(A) —)■ M(A) (cf. Proposition 1 1.1 7|) ensures that some 
of the usual properties of positive and self-adjoint multipliers remain valid in the differentiable 
context. As a first consequence of the inclusion M(A) —)• M(A), the resolvents (c±z)“^ G M(A) 
define elements in the C'*-multiplier algebra M(A). Hence c defines a self-adjoint multiplier on 
the C'*-algebra A in the usual sense, with Dome = im(c± i)~^ C A. 

Lemma 1.21. Let c : Dome -G A be a self-adjoint multiplier. For a// A G C\M, the operators 
(c± A) : Dome —> A are bijective and (c± A)“^ G M(A). Moreover if c is positive then for all 
A G C \ [0,oo), the operators c — A : Dome —)• A are bijective and (c — A)“^ G M(A). 

Proof. The operators c± A are bijective in the C'*-closure A, and thus (c± A)(c± G M(A) 
are invertible. Spectral invariance then tells us that g = {cE A)(c± is invertible in M(A), 
whence c± A : Dome —)• A is bijective. The inverse satisfies the equation 

g~^ = (c ± z)(c ± A)“^ = 1 =F (A - z)(c ± A)“\ 

in M(A), and since both l,g~^ G M(A), it follows that (c ± A)“^ G M(A). The positive case 
is proved similarly. □ 

If there is an orthogonal decomposition Eb = ['n'{A)EB] © [Tr{A)EB]'^ (which is always the case 
for Hilbert spaces) we can extend the self-adjoint multiplier to a self-adjoint operator on Eb 
by defining c{['k{A)Eb\^) = 0. We denote this extension to Eb by c as well. It is the affiliated 
operator from 13119]. In case A has a bounded approximate unit, condition 3) of Definition 
11.201 can be weakened to the requirement that cEi have dense range and (c ± i)~^ are norm 
bounded, as we now show. 

Lemma 1.22. Let A be a differentiable algebra with bounded approximate unit. Then every 
symmetric multiplier is closable. 
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Proof. Since A has a bounded approximate unit, the norm on A is equivalent to the norm 
||fl||op := sup||„||<;^ ||a6|| by Lemma [1.121 . Let (on) be a sequence in Dome with —>■ 0 and 
can b. Since ||(ca,i)|| = ||(can)*|| and c is symmetric, for arbitrary a € Dome, we get 

b*a = lim (can)*a = lim a* (ca) = 0. 

n—¥oo n—^oo 

From this it follows that ||?>*||op = 0, and therefore ||6*|| = 0 so ||6|| =0. □ 

Corollary 1.23. Let A be a differentiable algebra with bounded approximate unit and let c be 
a symmetric multiplier such that (czbi)“^ are densely defined and bounded. Then the closure 
of c is a self-adjoint unbounded multiplier with Dome = Im(czhi)“^. 

In the context of separable C*-algebras, the notion of unbounded multiplier, approximate unit, 
and strictly positive element are closely related. For a differentiable algebra A^ an element 
h ^ A is strictly positive if it has positive spectrum and hA is dense in A (for the topology 
coming from ttd). Note that this implies that h is strictly positive in the C'*-algebra A. 

A more refined notion of unbounded multiplier for differentiable algebras which is compatible 
with strict positivity is given in the next definition. The core idea is abstracted from |26l 
Definition 10.2.8], which gives a commutator approach to properness of the metric. Examples 
illustrating the connection are presented in Section [2j 

Definition 1.24. Let (A, Eb,T>) be an unbounded Kasparov module, and c a self-adjoint 
multiplier of A. Then c is a complete multiplier if: 

1) (c ± i)~^ e A', 

2) im (T) ± i)~^(c ± i)~^ = im (c ± i)~^{T) ± i)~^ C Eb] 

3) [T, c] is bounded on the set im (T ± ± i)~^- 

It should be noted that the condition in 2) is natural when dealing with commutators of 
unbounded operators. The sets mentioned are the natural domain for the operators Tc and 
cT, as c maps im (c± ± i)~^ into DomT and similarly for T>. 

The following theorem provides the relationships between unbounded complete multipliers, 
approximate units, and strictly positive elements for differentiable algebras, and gives us our 
strong notion of completeness. This strong completeness is analogous to that of a geodesically 
complete Riemannian manifold, and is much stronger than completeness of a general complete 
metric space. We exemplify these statements in Section [2j 

Theorem 1.25. Let T) : DomT C Eb —)• Eb be self-adjoint and regular and A C Lip(T) a 
differentiable algebra such that [AEb] = Eb. Then the following are equivalent: 

1) there exists an increasing commutative approximate unit {un) C A with ||[!D,Un]||oo 0; 

2) there exists a positive self-adjoint complete multiplier c for A; 

3) there is a strictly positive element h & A with im (T>±i)~^h = im h{T>±i)~^, and constant 
C > 0 with i[T), h] < Ch?. 

Proof. We show that 1) 44 2) and 2) 44 3). 

We assume 1), so that there is an increasing commutative approximate unit (u„) C A with 
[T, Urf\ ^ 0 in norm. Suppose without loss of generality that there exists 0 < e < 1 such 
that ||[I),ttn]||oo < Moreover, let {ajjjgN be a subset of A whose linear span is dense. 
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and assume without loss of generality that for 1 < z < n that ||(ttn+i — u„)aj|| < Write 
dn '■= Un+i — Un> 0 and define 

OO 

c = 

n=l 

which is a sum of positive elements of A. Then c is densely defined, since for fixed ai and 
i < k < i we have 


i i i 

II ^e“”(i„ai|| < ^e"”||(un+i - Un)ai\\ < 

n=k n=k n=k 

which goes to zero as /c —)• oo and therefore ca* G A. Moreover, c is obviously symmetric, 
so by Corollary II. 2, 'll it suffices to show that the resolvents (c ± i)~^ are densely dehned and 
bounded. Consider the truncations Ck := ^~'^dn € A. By Proposition 11.171 M(yi) is 

spectral invariant in M(A), so as the operators ± f G M(yi) are invertible in M(A), the 
resolvents (c^ ± i)~^ are elements of M(yi). Subsequently estimate 

k k 

llpTfc]l|oo = II - P,Un])|L < + ll[25>^n]||oo) 

n=l n=l 

n=l 

from which we deduce that sup;, ||[T,Cfe]||oo < oo. Therefore 

sup ||[T, (Cfc ± f)“^]||cx) = sup ||(Cfc ± i)~^[T>,Ck]iCk ± f)“^||oo < sup ||[T>,Cfc]||oo < oo, 
k k k 

so (cfc ± i)~^ is a bounded sequence in M(yi). Moreover, for the elements ai we have 

m 

((q ± i)~^ - {cm ± i)~^)ai = {Ci ± i)~^{cm ± i)~^'^e~'^dnai, 

n=i 

SO the sequence is strictly Cauchy, with limit (c ± i)~^ G M(yi), whence these operators are 
densely defined and bounded. Hence the closure of c is a positive, self-adjoint unbounded 
multiplier on A. 

Now we show that properties l)-3) of Dehnition 11.241 hold true for c. For 1), we need to 
show that (c ± G A. We restrict to the commutative subalgebra 'B C A generated 
by the Un, so that by Gelfand theory there is a locally compact Hausdorff space X with 
B C C*{{un}) = Cq{X) via the Gelfand transform. Every closed unbounded multiplier is 
determined by its Gelfand transform [l8l Thm 2.1,2.3]. To show that (1 -|- c)~^, (c± i)~^ G A, 
since these are elements of M(yi), it suffices to a show that (l-|-c)“^ and G Cq{X) C A. 

To this end, fix f G (0,1) and consider the sets 

Xn ■■= {x e X : Unix) > t}. 

The Xn form an increasing sequence of compact sets such that X = UX„. We claim that 

^e“”'(in(x) > (1 — forxGX\Xfc, 
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which implies that (c zb i) (1 + c) ^ G Co{X). For such x G X \ Xk, and any m> k it holds 
that 


”dn(a;) > ^^dnix) = ^^dnix) + ^ e ^^dnix) 

n=0 n=k n=k n>m 

m 

> '^e~'^dn{x) + ^ e~'^dn{x) 

n=k n>m 

= e~'^(Um+l - Uk)(x) + ^ e~"'dn{x) 

n>m 

> e~^{um+i{x) - i) + ^ £~'^dn{x), 

n>m 

and since Um+iix) —>• 1 and Yl,n>m^~"^dn{x) —)• 0, the estimate follows. To prove that point 
2) of Definition 11.241 holds, we need to show that the domain equality im (czb i)~^{D zb i)~^ = 
im (T) zb i)“^(czb is true. Observe that for each y G Eb, the vector (czb zb i)~^y is 

a limit 

lim (cfc zb zb i)~^y. 

k—>-oo 

Writing 

(cfc zb i)~^{T) zb i)~^ = (2) zb i)~^{ck zb i)~^ + (2) zb i)~^(ck zb i)~^[T), Ck]{ck zb i)~^{T) zb i)~^, 

and recalling that the sequence [2),Cfc](cfc zb i)~^{T> zb i)~^ is uniformly bounded in operator 
norm, it follows that 

lim (cfc zb i)“^[2), Ck]{ck zb i)~^{T) zb i)~^y = (c zb z)“^[2), c](c zb i)~^{T> zb i)~^y G im (c zb i)~^. 
k^oo 

Thus im (czbi)^“(2)zbi)“^ C im (2)zbi)“^(czbi)“^. The other inclusion is proved in the same 
way by writing 


(2? zb i) (cfe zb z) = (cfc zb z) (2) zb z) + (cfc zb z) (2) zb z) [2), Cfc] (cfc zb z) (2) zb z) . 

Lastly, to prove that point 3) of Definition 11.241 holds, observe that the commutator [2),c], 
dehned on im (c zb z)“^(2? zb z)~^, is bounded because it is the strong limit of the operators 
[2),Cfe] on this subset, and sup^ ||[2),Cfc]||oo is bounded. 

Conversely, let c be an unbounded positive complete multiplier for A. Let /„ : M —)■ M be given 
by fn{x) = For y G Dom2) 

[2),/n(c)]z/ = ^ ds = ds, 

and since both sides are bounded, this equality extends to all of Eb- Moreover 

||[ 2 ),/n(c)]||oo<-||[D,c]||oo, 

n 

so that [T>,fn{c)] —0 in norm as n ^ oo. Finally we need to see that the /n(c) define an 
approximate unit. The density of (czb z)“^yi in A says that the inclusion of the commutative 
subalgebra C generated by (czbz)“^ in is essential. Since (/n(c)) is obviously an approximate 
unit for C, we are done. 
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To see that 2 ) and 3) are equivalent, let c be an unbounded multiplier on A and set h ;= 
(1 + c)“^, which is positive with dense range in A. On the other hand, if h £ yi is positive 
with dense range, then c := h~^ is densely defined on Dom/i“^ = Im/i. The domain condition 
follows from the fact that {h~^ ± i)~^ = /i(l ± ih)~^, and 1 ± i/i G M(yi) is invertible, so that 
(1 ± ih)~^ maps DomT = im (2) ± i)~^ bijectively onto itself. Then 

im h{l ± ih)~^{D ± i)~^ = im h{T) ± = im (T ± i)~^h = im (T ± i)~^h{l ± ih)~^. 

From the further assumption that i[I), h] < Ch?, it follows that for e G im h{T) ± i)~^h 

(i[2),/i“^]e, e) = —/i]/i“^e, e) = (i[T,/i]h“^e,/i“^e) < C{he,h~^e) = C{e,e). 

Taking a sequence /iy„ —)■?/£ Eb, boundedness on the whole of im h{T> ± follows. □ 

2 Metric completeness via approximate units 

We recall that if {A, IK, D) is a unital spectral triple, then the formula 

d{4’,'ip) ■■= sup{\(p{a)-'ijj{a)\ : \\['D,a]\\ < 1}, (j),'tjj € §{A) (2.1) 

defines a metric on the state space S(T) of A provided that the set 

i?:={[a] G^/Cl: ||[T,a]|| <1} ( 2 . 2 ) 

is bounded. In the non-unital case we do not need to consider the quotient Banach space A/Cl 
in Equation (j2.2l) . just A, and again the same conditions guarantee that we obtain a bounded 
metric. It is known that in the unital case the resulting metric topology agrees with the weak* 
topology provided that B is pre-compact, [SHlllS]. We refer to the formula in Equation (j2.ip 
as Connes’ formula. 

One would like to define unbounded metrics so that they restrict to bounded metrics on each 
weak* compact subset of S(^), but it turns out that this is too strong. Latremoliere identifies 
a class of tame compact subsets for which this is possible, [391 Definition 2.28], and shows by 
example that not all compact subset of S(A) are tame. As well as the difficulty in discussing 
the weak*-topology, examples show that there is also the need to consider extended metrics, 
so that points can be at infinite distance. 

Our initial results concerning completeness of metric spaces rely on a weaker notion of ap¬ 
proximate unit than we needed earlier, though we will see below how these various notions are 
related. For now, given a (symmetric) spectral triple {A,‘K,1)), we say that (u„) C A C A is 
an adequate approximate unit if (tt^) is a sequential approximate unit for A (in its C'*-norm 
topology) and sup ||[T*,m„]||oo < oo. This is a weaker notion than a bounded approximate 
unit for A. 

Proposition 2.1. Let {X,d) be a metric space, A = LipQ(A) he the algebra of Lipschitz 
functions vanishing at infinity and A = Cq{X). Let (A,1K, T) he a symmetric spectral triple 
such that for all a G LipQ(X) 

Cillall 

Lip,d — II [21 ,ffl]||co ^ C* 2 ||o||Lip,(i 

where 0 < Ci < 6*2 < oo are constants and ||a||Lip,d is the Lipschitz seminorm of a G LipQ(A). 
If A has an adequate approximate unit, then {X,d) is metrically complete. 
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Remark 2.2. 1) The condition of the theorem implies that Connes’ formula, Equation (12.1|) . 
dehnes a metric dP which is bi-Lipschitz equivalent to d. 

2) The algebra LipQ(X) is typically not separable in the Lipschitz norm, [U], but our results 
also apply to closed separable subalgebras of LipQ(X), such as our differentiable algebras, cf. 
Definition 11.21 More examples are presented below. 

Proof. We give the proof in the self-adjoint case, as the symmetric case is the same. We will 
prove that if {X, d) is not complete then for any sequential approximate unit {uk) C LipQ(X) for 
Co{X), the sequence || [T, ||oo is unbounded, and so (ufc) can not be an adequate approximate 
unit. Since the metric d is bi-Lipschitz equivalent to Connes’ metric, for any y, z £ X we have 

\uk{y) - Uk{z)\ < C\\ [V, Uk] Iloo d{y, z) 

for a constant C > 0. Now let x be in the metric completion X of X, and x ^ X. Let 
1/2 > £ > 0, hx y G Bi/nix) n X and let k be large enough so that Uk{y) > 1 — e. This is 
possible since Uk is an approximate unit. Now let z G Bi^^x) n X be such that Uk{z) < e, 
possible since Uk vanishes at inhnity. Then for this choice of k and y, z £ n X 

2(7 

1 - 2e < \uk{y) - Ukiz)\ < C\\['D,Uk]\\ood{y,z) < — ||[T>,Ufc]||oo. 

Hence we see that for any n there is a, k = k{n) such that 

^(1 ~ 2e) 

< II[2^) Iloo- 

Since this is true for any approximate identity {uk) C Lipg(X), we are done. □ 

Corollary 2.3. Let {M,g) be a Riemannian spirf manifold, A = Cq{M), A = LipQ(M), 
and {A, L'^ {M, S), B) the Dirac spectral triple of the spin^ structure. If A has an adequate 
approximate unit then the Riemannian manifold {M,g) is geodesically complete, and T) is 
self-adjoint. 

Proof. The point here is that (M, g) need not, a priori, be complete, in particular it may be 
the interior of a manifold with boundary. First we recall that by [17], the norm ||[21*,/]||oo is 
equal to the Lipschitz norm of / (with respect to the geodesic distance) for all / G LipQ(M). 
Thus we can apply Proposition 12.11 to obtain the hrst statement. In particular if such an 
approximate unit exists, (M, g) is metrically complete, and so geodesically complete by the 
Hopf-Rinow theorem. 

The self-adjointness of the Dirac operator now follows as in [261 Prop 10.2.10]. □ 

In this last result we managed to deduce self-adjointness of a (potentially) symmetric operator 
using just an adequate approximate unit, whereas Corollary II.Ill requires the existence of an 
honest bounded approximate unit for the Lipschitz topology. This is essentially due to the 
special form of the geodesic metric on a Riemannian manifold. The Hopf-Rinow theorem says 
that completeness implies that ‘topological infinity’ is at inhnite distance. 

The issues are perhaps best seen as follows. For any metric space {X,d), we obtain a new 
metric space of bounded diameter by taking the new metric d = d/{l-\-d). Then one can check 
that {X, d) is complete if and only if (X, d) is complete. The identity map on X is typically 
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not a bi-Lipschitz map between these metric spaces, and the property of having an adequate 
approximate unit whose Lipschitz constants go to zero is not preserved by this operation. 

We collect a few examples from the world of metric spaces about approximate units for Lipschitz 
algebras and differentiable algebras. The hrst result is rather negative. 

Lemma 2.4. Let {X, d) he a finite-diameter, noncompact, complete metric space. Then there 
is no adequate approximate unit in LipQ(W) whose Lipschitz constants go to zero. 

Proof. Let («„) be an approximate unit in Lipg(W). Since (un) is a norm approximate unit, 
for any x & X and 1/2 > <5 > 0 we can find N such that U]\f{x) > 1 — (5. Since vanishes 
at infinity we can find y G X such that UN{y) < d. Then UNix) — U]y{y) > 1 — 26, and as 
d{x, y) < diam(W) we find that 

un{x) — U]sf{y) 1 — 26^ 1 — 26 

d{x,y) d{x,y) ~ diam(X) 

Hence the Lipschitz norm of the um's is bounded below. □ 


Hence hnite diameter complete spaces do not have spectral triples which both recover the 
metric and satisfy the conditions of Theorem 11.251 Also observe that we did not ask for 
an approximate unit («„) for LipQ(A) in the Lipschitz topology with ||un||Lip,d —^ 0. These 
typically do not exist. 

Lemma 2.5. Let (un) Cl be a differentiable approximate unit for the supremum norm 

topology on C'o(R) such that the Lipschitz constants go to zero as n —>■ oo (these exist). Then 
(un) is not an approximate unit for the Lipschitz topology on Lipo(R). 


Proof. Let f{x) = sin(x^)/(l + G LipQ(R). The mean value theorem says that given 
X, y G R there is some w between x and y such that 

l(/ - Unf){x) - if - Unf)iy)\ = \{f-Unfy{w)\d{x,y) = \{l-Un{w))f{w)-u'n{w)f{w)\d{x,y). 


Since the Lipschitz constants of the Un converge to zero, and —)• 0 uniformly, we see that 

—)• 0 uniformly. As the derivative of / is f'{x) = 3x^ cos(x^)/(l + x^) — 2x sin(x^)/(l + x^), 
and Un vanishes at infinity for each n, we see that |(1 — Un{w))f'{w)\ does not go to zero 
uniformly. □ 

Remark 2.6. The function /(x) = sin(x^)/(l + x^) also appears in [HI p 43], to demonstrate 
that derivatives must be controlled to handle summability in the nonunital setting. 


Despite this lack of success, even with our strongest completeness condition, there are positive 
results, and these demonstrate the need to take smaller algebras than Lipg(A). Recall, [20] . 
the pointwise Lipschitz constant of a function / at a non-isolated point x G X defined by 


Lip(/)(a;) 


lim sup 


\f{x)- f{y)\ 

d{x,y) 


If X is isolated we set Lip(/)(x) = 0. Then we set 


Loo(-^) = {/ G Lip(A) : / and Lip(/) vanish at infinity}. 
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The function Lip(/) need not be continuous, but we can still ask for it to be small outside 
a compact set. The space Loo(^) is not always a Banach space in its natural norm ||/||oo + 
l|Lip(/)||cxD, but we can take its completion, which is a subspace of Co{X). We denote this 
Banach space by LipQQ(X). 

Lemma 2.7. Let {X,d) be a metric space and {un) C LipQQ(X) an adequate approximate unit 
such that 11 tin 11 Lip —>• 0 as n —)• oo. Then (tin) is an approximate identity for LipQQ(X). 

Proof. We just need to show that for / € LipgQ(X) we have ||/ — Unf\\up —^ 0. That is, we 
need to show that 


sup 


if - Unf){x) - (/ - Unf){y) 
d{x,y) 


—>• 0 as n —>■ oo. 


which is to say, we need to show that 


sup 

xj^y 


{Un{x) 


Un{y))fix) - ifjy) - fix)){un{y) - 1) 
d{x,y) 

< Il'Wnlluip ll/lloo + sup |Lip(/)(y)(tin(y) - 1)1 0 as n oo, 

yex 


the second term going to zero since Lip(/) vanishes at infinity. 


□ 


The last two lemmas show why we need to be able to restrict to closed subalgebras of Lip(I)) 
which may be smaller than Lip(2)) n A, but which are still norm dense in A. For general 
metric spaces it is not clear that one can always find suitable algebras which have adequate 
approximate units. When the metric is suitably infinite and the metric space nice enough, we 
can find approximate units for LipQQ(X). This result resembles the equivalences of Theorem 
11.251 and captures the idea that topological infinity is at infinite distance. 

Proposition 2.8. Let (X, d) be a metric space and xq € X such that the function x d{xo, x) 
is proper. Then we obtain an approximate unit for LipgQ(X) whose Lipschitz constants go to 
zero. Hence {X, d) is complete. 


Proof. Fix xq G -T as in the statement, and let 

Hn = {x G X : d(x,xo) < N}. 


Then the Kj\f form an increasing sequence of compact sets whose union is X. Define functions 
on X by 

' 1 X G Kn 


un{x) 




N 

N-1 



d(xo,x) \ 
N'^ J 


X G Kj^2 \ Kn 


0 

\ 


X 0 Kj^2 


Checking the various cases shows that each un G LipQQ(X) is a bounded Lipschitz function 
whose Lipschitz constant is bounded by 1/N{N — 1), and so ||nAr||Lip —)• 0 as X —)• oo. Moreover 
it is clear that (un) is a sup norm approximate unit for C'o(X), and so by Proposition 12.11 and 
Lemma 12.71 we are done. □ 
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For M”, and more generally geodesically complete manifolds M, we can always construct an 
approximate unit as in Proposition l2.81 As a consequence, we can construct a bounded approx¬ 
imate unit for LipQQ(M), and then Corollary 11.111 tells us directly that Dirac-type operators 
on M are self-adjoint. 

Given a spectral metric space, we can still deduce the completeness of the state space S(A) 
from the existence of an adequate approximate unit, as was first shown by Latremoliere [38] 
for the case of bounded metrics. As the context is somewhat different, we give the argument. 

Proposition 2.9. Let (A,1K, D) he a symmetrie speetral triple for which Cannes’ formula 

d{a,T) := sup{|(T(a) - r(a)| : ||[D*,a]||oo < 1}, 

defines an extended metrie on the state spaee S(A) (so d may take the value oo). If A has an 
adequate approximate unit then {§{A),d) is complete. 

Proof. Let («„) be an adequate approximate unit. Let ak be a sequence of states that is 
Cauchy for the Connes metric, i.e. for k < i 

sup{|cjfc(a) - cr£{a)\ : ||[D*,a]||oo < 1} 0, 

as k ^ oo. Then cj(a) := lim^ crfc(a), for a G A, is a well defined map A —)• C. It is positive 
since for positive a, cr(a) is a limit of positive numbers. It remains to show that a has norm 
I. To this end, let a G A be in the unit ball for the C^-norm. Then |cjfc(a)| < 1, so |cr(a)| < 1, 
showing that ||cr|| < 1, and thus a extends to all of A. Now since Un is an approximate unit, 
we have ak{un) —)• 1 for fixed k and n —)• oo. Since [I)*,u„] is bounded, we may assume that 
m\Un]\\oo < C for all n and some positive constant C. This means that for k < i 

sup \ak{Un) - (y£{Un)\ 0, 

n 

as k ^ oo. Hence there exist e > 0 and k sufficiently large such that for all n 

\a{un) - crk{un)\ < e/2. 

Now choose n large enough such that \\crk(un) — 1|| < e/2. Then 

k(Un) - 1| < \cr{Un) - crk{un)\ + WkiUn) “ 1| < e. 

This shows that cr{un) —>■ 1, and in particular that ||(t|| = 1 and a G S(A). □ 

In particular, the presence of an adequate approximate unit ensures that the metric topology 
limit of states is a state, and so such a sequence is a tight set, [39l Definition 2.2]. It is likely 
that our approach to completeness can further complement Latremoliere’s approach to locally 
compact quantum metric spaces. 

Finally, let us consider what can be said about closed subalgebras of Lip(T) for a general 
(symmetric) spectral triple (A,TC, T). 

Proposition 2.10. Let (A,1K, T) be a symmetric spectral triple. Suppose that A has an 
adequate approximate unit (un) C A such that [T>*,Un\ 0 in operator norm. Then (un) is 

an approximate unit for A if and only if {un) is an operator norm topology approximate unit 
for the C*-algebra generated by A and the commutators [T>*,a], a G A. 
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Proof. This just boils down to asking when [D*,aun — a] —)• 0 in operator norm. Using the 
Leibniz rule, 

[‘D*,aun - a] = a[T)*,Un] + [Ti*,a]{un - 1), 

we obtain the result immediately. □ 


3 Approximate units and connections on operator modules 

Having demonstrated the usefulness of approximate identities in differentiable algebras, we 
now refine our concepts to address the existence of connections on modules and the unbounded 
Kasparov product. Using connections to identify explicit representatives of Kasparov products 
has been used in several contexts, [laisiiiiQisi], but doing this in a naive algebraic way leads 
to problems, as shown in |29l 146] . 

3.1 Projective modules 

For an operator algebra ‘B with bounded approximate unit vx, the right T-module TC® := 
is called the standard rigged module, [ 8 ]. For notational convenience we write Z := Z \ {0}. 
The module can be concretely defined using an isometric representation tt : 23 —)• B(1K) as 
the space of column vectors 

e ^7r(6i)*7r(6i) < ooj, 
iez 

where the sum converges in norm. From now on we fix a Z 2 -graded C'*-algebra B and an 
essential unbounded {B, C) Kasparov module (23, Fc, 22) with 7 the Z 2 -grading operatoi0. We 
hx the representation 


and we assume 23 to have a bounded approximate unit. The graded operator 23'’'-module 
TCb+ is the graded Haagerup tensor product of the graded Hilbert space and the graded 

algebra 23+. Thus the module 24^+ is naturally Z 2 -graded via 

•= (sign(f)7(&i))igz> (3.1) 

and defining the self-adjoint unitary 

e : 1 Kb+ 242+, e(&i)igz = (sign(i)6i) 

the grading operator ()3.1h on 24^+ decomposes as F := ediag( 7 B+) = diag( 7 B+)e. This allows 
us to write the representation presenting 24^+ as a concrete operator 23+-module as 

^ (sign(i)[22,6i]B+ sign(f)7B+(6i)) “ (o e)([2),6i]B+ 73+(6,)).^^' 

^We recall that if C is non-trivially Z2-graded then 7 is not adjointable as an operator on Fc 
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We will always consider IK 2 + where is the unitisation of the differentiable algebra “B (cf. 
Definition ll.lSp . 

The compact operators ]K( 1 K 3 +) on 'K>g+ are defined to be the Haagerup tensor product K(8)1B+, 
as defined in Equation (ll.4p . The algebra K(1 K;b+) has a bounded approximate unit 

Xn — ^ ^ |ci) (cj I, 

l<|i|<n 

where Cj is the standard basis of IK 3 +. In [3I1I1I] it was shown that the standard -B-valued inner 
product on the module IK 3 + actually takes values in ‘B+. Then one defines the adjointable 
operators End 3 +(TC 2 +) as the algebra of completely bounded maps T : IK 3 + —)• IK 3 + that 
admit an adjoint with respect to the standard inner product, so that 

{TeJ) = {e,T*f). (3.2) 

In [3T] the class of submodules of IK 3 + defined by projection operators in End 2 +(TC 2 +) are 
called operator *-modules, and were classified by Kaad in |28] for the case of commutative 
B. The class of stably rigged modules discussed in [4T] is essentially the same. In [13] . this 
class is enlarged by incorporating countable direct sums of projections in Endj+( 1 K 3 +). The 
present paper further broadens the class of modules that can be used to construct the Kasparov 
product, refining the approximate unit techniques of [41] . 

In [13] the notion of unbounded projection operator was introduced, in order to deal with the 
differential structure on the C'*-module arising from the Hopf fibration. In this section we 
develop the theory of such modules beyond the case of direct sums of bounded projections. 
This will be put to use to demonstrate existence of connections on projective operator modules. 

Definition 3.1 (cf. |13jl. Let B be an operator *-algebra. A projective operator module is an 
inner product operator module £ over B that is isometrically unitarily isomorphic to pDomp 
for some possibly unbounded even projection in IK 3 +, such that the canonical basis vectors 
are contained in Domp. Here £ is regarded as a !B'’'-module in the usual way. 

Note that a projective operator module £ over B admits a canonical C'*-completion, coming 
from the inner product. Equivalently, this completion can be obtained as the Haagerup tensor 
product £( 8 )®!? over the completely contractive inclusion B ^ B [la Corollary 2.18]. We now 
characterise when a given C^-module E over B admits a projective !B-submodule. The algebra 
of finite rank operators on E is denoted EinB(E'). By a (homogenous) frame for E we mean 
a sequence with the property that 

lEixi) = I if ^ < 0 ’ \xi){xi\ e FiuBiE) (3.3) 

is an approximate unit for Fins(E') with ||Xn||End^(_E) ^ 1 (that is (xn) is contractive). We 
refer to Xn as the frame approximate unit for (xj). All frames will be homogenous unless stated 
otherwise, so that XE{xi) = sign(z)xj. 

Proposition 3.2. Let B be a differentiable algebra and Eb a graded C*-module over the C*- 
closure B. Then Eb is the completion of a projective operator B-module G Eb if and only 
if there is a frame (xi)-^^ such that each of the column vectors Vj = {{xi,Xj))-^^ has finite 
norm in IK 2 +. We call such a frame (xj), and the associated approximate unit Xn, column 
finite. 
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Proof. When £5 is projective we may assume that £5 C IK 3 + and {cj} is the canonical 
basis of IK 5 +, then setting Xi = pe* we observe that 

lim (pet, pek{pek,pej)) = lim (pci, ek{ek,pej)), 

k^oo \ / k^oo \ / 

i<lil<fc i<lil<fc 

is norm convergent since pe* and pcj are in IK 3 +. So Xn '■= J2i<\i\<n\P^i)(P^i\ ^ column 

finite approximate unit for Fin^(i?). 

<i= We show that the matrix p = {{xi,Xj))ij is an even projection in IK 3 + with domain 
Domp := € IK 3 + : Vi £ Z lim ^ {xi,Xj)bj^ £ !B|. 

It is clear that p is densely defined, as the canonical basis vectors £ IK 5 + lie in the domain 
of p by column finiteness. Moreover p is closed. To see this, first denote by qi the projection 
onto the submodule spanned by the basis vector e*. By column finiteness, qip £ End 2 +(llf 3 +). 
Now if IK 5 + 3 Zn ^ z and pzn -3- h, then qipZn -3 qth and qipZn -3 qipz. Thus qipz = qih for 
all i and pz = h G IK3+ so p is closed on its domain. 

Next we show that the symmetric operator p is self-adjoint. Let z £ Domp*, i.e. there is 
X £ IK 3 + such that for all w £ Domp we have {pw,z) = {w,x). Since the basis vectors e* are 
in the domain, we can compute 

lim qipz = lim y^ ei(ej, g^p^;) = lim y^ ej(pej, z) = lim y^ ei{ei,x) = x. 

This means that pz = x, so z £ Domp and p is self-adjoint. Now dehne 

£b := {e £ Eb : ((xj, e)) £ Domp}, (3.4) 

and observe that Xj £ £$ by definition, so £3 is dense in Eb- The module £$ is closed in IK^+ 
because a convergent net e\ £ £2 in particular converges in Eb and therefore the limit must 
be of the form ((xj, □ 

Note that a column finite approximate unit is row finite as well, because of the relation between 
the internal and external adjoint: ( 7 rD((xj,Xj)))* = U7r'Xi{{xj,Xi))U*. 

3.2 Connections and splittings 

We refine the notion of a connection on a projective module defined in [13] by employing 
approximate units. The main improvement over m is a new operator space topology on a 
projective module £b, which is precisely the (weak) topology making the natural Grassmann 
connection continuous. Completing in this topology yields a possibly larger module £ 3 . We 
will prove that for bounded projections, the modules £® and £2 are cb-isomorphic. 

Recall from [13] the dehnition of the universal 1-forms D^(i?,23) associated to a unital differ¬ 
entiable algebra S, dehned to be the kernel of the graded multiplication map 

m : -3 B, 61 (g) 62 7{bi)b2. 


25 


In the nonunital case we use S"*"), so that the universal derivation 

d : 23 I— )• 'B'*'), 6 1-^ 1 (g) 6 — 7(6) (g) 1, (3-5) 

is well defined. We will look at splittings of the universal exact sequenee 

0 ^ tB+) ^ ^E^O, 

that are compatible with the projective submodule £3 C Eb- Here m : E0c‘^~^ —^ E, 
m{e®b) = 7(e)6 is the graded multiplication map. We adapt the algebraic notion of splitting 
to our setting. 

Definition 3.3. A completely bounded, graded, S^-module map s : £2 ^ E®c^'^ is a 
splitting if m o s coincides with the inclusion map £2 —)• Eb- 


We can now prove the analogue of the Cuntz-Quillen characterisation of algebraic projectivity 
[la Proposition 8.1, Corollary 8.2] in the present analytic setting. 

Proposition 3.4. Let be a column finite frame as in Equation (j3.3p . defining a pro- 

jeetive “B-submodule E, G E. The map 

s : E'b E'^c'S)'^, e !-)• ^7(xj) (g) (xj, e), (3.6) 

ieZ 

defines a eontractive -linear splitting of the universal exaet sequence. 


Proof. First we show that for e G £, s(e) actually defines an element of Fi(g)c23'’'. To this end 
let e > 0 and choose n, m such that 


^ 7i:x,{{xi,e))*7r^{{xi,e)) 

n<\i\<m 


< 


which is possible because e G £. Now estimate 


7(xi) (g) (xj,e) 

n<\i\<m 


2 

< 

h 


\xi){xi 

n<\i\<m 


K{E) 


^ 7r2((xj,e))*7r2((xi,e)) 

n<\i\<m 


< 


^ 7r^{{xi,e))*TT'x,{{xi,e)) 

n<\i\<m 


B+ 


< e, 


which shows that the partial sums of the series defining s form a Cauchy sequence in the 
Haagerup norm, cf. Equation (|1.4p . To show continuity of s we again estimate with the 
Haagerup norm to see that 


s{e)\\l< 


lim 

/c—)-oo 


i<iji<fc 


K{E) 


^ 7r2((a;i,e))*7r2((xj,e)) 



e 


||2 

ll£ 


and we are done. 


□ 
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Recall that a connection on a (graded, projective) operator module is a completely bounded 
linear operator V : £3 ^ satisfying the Leibniz rule 

V (eb) = V(e )6 + 7 (e)( 8 )dfe, 

where d is defined in Equation (13.5p . Associated to a splitting s : E's E(§)c'B~^ is a universal 
connection 


Vs : £2 —^ e 1 -^ s(e) — 7 (e) 0 1 , 

which in the case of a column finite frame as in (j3.3h takes the form 

Vs(e) = s(e) - 7(e) (g) 1 = ^ j(xi) ( 8 > (xj, e) - 7(e) (g 1 = ^ j(xi) ( 8 > (xj, e) - j(xi(xi, e}) ( 8 > 1 

= ® - l{{xi,e)) < 8 ) 1) = ® d{xi,e). 

On the other hand, the frame (|3.3I) induces a stabilisation map 

u : £2 —>■ 3^2+ c ((xj, e))jgg, 

with adjoint 

V . 3fj5+ y £3 ^ ^ ^ Xi 6 t, 

iet 

and = Idg. The associated projection p = vv*, is given by the matrix p = {{xi,Xj)). 

Recalling that the grading operator (I3.ip on 3 ^ 2 + decomposes as T := ediag( 72 +), the module 
3 { 3 + admits a canonical connection ed : ( 6 j) 1 -^ e(d 6 i). The isometry v induces a connection 
v*sdv : £ which we call the Grassmann connection. These considera¬ 

tions prove the following lemma. 

Lemma 3.5. Let (xi)-^^ be a (homogenous) frame and u : E —)• 'Kq+ the associated isometry. 
Then v is even, that is, v{'y{e)) = r(u(e)). If (xi).^^ is column finite the connection Vg '■ ^ 

E®Q+Of {B~^ associated to the splitting (13.61) equals v*edv. 

In order to deal with unbounded projections we need to extend the techniques developed in m 
and introduce a slightly different operator space structure. To this end we need to pass from 
the universal derivation d to the represented derivation d-j) ■ b [T),b] coming from the dehning 
Kasparov module (33,Ec,T) for 33. Recall, Remark 11.191 that we assume [BEc] = Fc and 
dehne the unitisation 33+ according to Dehnition 11.181 The closed linear span of represented 
1-forms is the operator space 

:= {Y.7r{h)[V,7:m : h,b' G 33} C End^(F), 
i 

which is a {B, 33)-bimodule. Using the universality of the derivation d, there is a completely 
bounded (R, 33)-bimodule map 

JD :Ui(R+,33+)^L!^, 

uniquely determined by d 6 1 —)• [ 3 ), 7 r( 6 )] since 7 r(l) = 1, cf. |13l Prop 2.22]. In this way we 
obtain a connection 

Vd : £s ^ 
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sometimes referred to as a represented connection. In the case of a free module, the tensor 
product can be identified with the space IK^i := of square summable 

sequences of forms (wj), where converges in End^(F). Let (xi) be a column finite 

frame for £;b, and consider the space 

£^ := |e e Es : Ji^ ^ (xi, 7 (xfc))[!D, (a;fc,e)]) e (3.7) 

l<|/i 3 |<n 

This space may be strictly larger than £ 3 , and is an operator module in the representation 

UX(e)| v(yl))) ©EndMFSF). |H|,v := IkvWII (3.8) 

iez 

where we have used slightly abusive notation for the entrywise graded commutator with D in 
the indicated column vector. We will write 7 for diag( 73 +) and Vg for the self-adjoint regular 
operator ediag(2)) on J-C^+(§)^+F. There is an equality of domains Domdiag(D) = DomV^, 
and the closed graded derivations 

[diag(a3), T]., := diag(D)r - jTjdiag(V), [V„ T]r := V,T - FTTV,, (3.9) 

are related via [2)e,T]r = [diag(T>),eT]-y = e[diag(2?), T].^. Therefore these derivations have 
the same domain inside End^(fK 2 +( 8 ) 5 +T). With regards to gradings on the module £3 defined 
in (13.7h . observe that there is an identity 

( X] ^ -[T>, 7 (e,Xfc)]( 7 (xfc),Xi)) 

= X] 7(P, (e,®fc)](®fc,7(a:i)))> 

l<|A:|<n 


and thus for e € £^, the series of row vectors 


^ [T>, (e,xfc)](xfc,7(xi)) 

l<|fc|<n 


ieZ 


is convergent. 


(3.10) 


Lemma 3.6. Let p : Domp —>• TC 3 + be a projection such that £2 = pDomp is a projective 
operator module, and consider the operator module £5 defined in Equation (1321). 

1) There is a completely contractive dense inclusion i : £$ —>■ £ 3 - 

2) If p £ EndJ+(fK 3 +) then i is a cb-isomorphism. 


Proof. The estimate 

( v{e) 0 \ 

Vuu*e[D,u(e)] 7(^^(e))y 


P OA ( v{e) 0 \ 

0 p) Ve[D,u(e)] u( 7 (e))y 


( v{e.) 0 \ 

Ve[T',u(e)] 7(^^(e))y ’ 


proves 1). Eor 2), observe hrst that Tp = pT, so pe = pyey = pTy = Tpy = eypy = e 7 (p) and 


[Ve,p\Tv{e) = [diag(T>),ep].^u(e) = [V,sv{e)] - eypyp, u(e)] = [T>,ev{e)] - p£[T>,v{e)]. 
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Thus we can write 


( v(e) ^ = f 1 OW 0 ^ 

V'(;u*e[T,'(;(e)] j(v(e))J V-[T£,p]r l) \e[D,v{e)\ v{-i{e)))' 
and as [2)pir is bounded, the matrix ( n is invertible. The assertion follows. □ 

Proposition 3.7. The module £3 has the following properties. 

1) The inner product 8® x £2 —)• 23 extends to an inner product 8^ x 8^ —^ 23. 

2) For each e G 8^ the operator e* : 8^ —)■ 23 defined by f (e,/) is completely bounded and 
adjointable, with adjoint b eb, and satisfies the estimate ||e*||c6 < 2||e||£v. 


Proof. For 1) we must show that for e, f ^ the inner product (e,/) G 23. Let be a 

defining column finite frame for 8®. By definition the series of column vectors 

^((xi,7(xj))[T,(xj,e)]).g2, 

JGZ 

is norm convergent for e G 8^ by (13.7p . Consider the partial sums 

[23, Y1 ^ j{{e,Xj))['D, {xj, f)] + [T, {e,Xj)]{xj, f). 

The two terms on the right hand side are convergent sums, since (using the pairing of row and 
column vectors) 

II 'r{{e,Xj))[V,{xj,f)]\\ = \\ Y X]^2l(e),a;i)(a;o7(a;i))[23,(xj,/)]|| 

= 11 Y ((^o7(e)))-gg • ((a:i,7(a;j))[2), (Xj,/)]).g£|| 

< l|e||i? II Y ((2;i,7(a;i))[23,(xj,/)])igz||, 

and similarly for the other term. Since '^i^f^{e,Xi){xi, f) converges to (e,/) and [2),-] is a 
closed derivation, it follows that (e,/) G 23. Therefore we can write 


f (e,/) 0 '\_s;^f{e,Xi) 0 \ f {xi,f) 0 \ 

M23,(e,/)] l{e,f))~^\ 0 {7{e),Xi)) \J2j^t{xi,-f{xj))['D, {xi, f)] {xi,-fif)) J 

0 0\/(7(xi),/) 0 \ 

\J2j&P^{e,Xj)]{xj,-i{xi)) oy 0 (Xij))' 

These series are convergent in view of (13.7|) and (I3.in|) and the equalities also hold when / is 
a matrix of elements of 8^ yielding the estimate 

l|e*(/)||® < (||e||E||||/||6v + ||e||£v||/||£;) < 2||e||£v ||/||£v. 


whence ||e*||cb < 2||e||£v. 


□ 
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3.3 Complete projective modules 


We now define several algebras of operators on the modules £2 and Recall that 8® C £5 
is a proper submodule in general by Lemma 13.61 As for C^-modules, we denote the space of 
finite rank operators by Fin 3 (£). We give Fin 3 (£) the operator algebra structure determined 
by regarding Fin®(£) as an algebra of operators on 


7rv(K) : = 


vKv* 


0 


p['Di;,vKv*]p vKv^ 


(3.11) 


where T> comes from the defining Kasparov module for ‘B and p comes from a 

defining column finite frame For e, / € £$, consider the column, respectively row, 

vectors 

v\e) = v{e) = {{xi, e)) .gg, {f\v* = v{fy = ((/, (3.12) 

which are elements of K 5 + and IK 2 + respectively. Thus the rank one operator |e)(/| is such 
that [T)^,v(\e){f\)v*] is a bounded matrix. Therefore the representation (13.lip is well-defined 
on FinB(£). We emphasise that we do not consider finite rank operators associated to vectors 
coming from £^ here. The ideal of compact operators IK(£^) is defined to be the closure of 
FinB(£) in the operator space norm ||vrv(-)||oo- We now address the issue of approximate units 
for Ks(£^). 

Lemma 3.8. Let {B,Fc,'I)) be the defining Kasparov module for B, and £5 a projective 
operator module. For a column finite frame approximate unit Xn associated to the defining 
frame (xi)-^^, any K G FinB(£) satisfies 

vKv* TiovnT)^ C DomTe, 

and \fDfr,vKv*] extends to a bounded adjointable operator in End^((K 5 ( 8 ) 5 F). Moreover 


lim vXnV*[‘I)^,vKv*] = vv*['D^,vKv*], 

n—>-cx) 

lim YD^^vKv^]vXn'^'' = 

n—>-oo 


(3.13) 


in operator norm. 


Proof. It suffices to prove this for rank one operators K = |e)(/|. In that case, Equation (I3.12p 
shows that vKv* is given by the infinite matrix 

{{xi,e){f,Xj))ij G ]K(g)T, 

and thus is in the domain of the derivation [B^, •]. The norm limits (I3.13P are given by 
\im vXnV*['I)^,vKv*] = lim ( V {xi,'y{xk))['I),{xk,e){f,Xj)] 

yl<|A:|<n 

= lim V {xi,'yixk))'y{xk,e)[T),{f,Xj)] + {xi,'y{xk))[‘I),{xk,e)]{f,Xj) 

n—^oo \ ^ ^ 

\l<|fc|<n 


((xj, 7 (e))[T, (/,Xj)]) .lim j ^ (xi, 7 (xfc))[Ti, (xfc,e)](/,Xj) 

J yx ^00 ^ 


l<|/c|<n 
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where the first term is a well-defined infinite matrix because f € 8, and the second term is a 
norm convergent limit because e G £ C £^. The other limit is handled verbatim. □ 

Given a frame approximate unit (xn) for K{Eb), denote by ^{xn) the convex hull of (xn)- 
This is the algebraic convex hull, and not the closed convex hull. 

Definition 3.9. Let (“B, Fc,T)) be the defining Kasparov module for B, and £2 a projective 
operator module with column finite frame approximate unit Xn- The module £® is a complete 
projective operator module if there is an approximate unit (ri„) C ^{Xn) for M.{Eb) such that 
the sequence of operators p[T)^,vUnV*]p : !Kb+0b+P “Kb+^b+P converges to 0 strictly. 

This dehnition should be viewed in the light of property 2) of Proposition 11.91 as well as 
Corollary 11.111 

Proposition 3.10. Let £$ be a complete projective module overB. T/ien]K(£^) has a hounded 
approximate unit consisting of elements o/Fin 3 (£). 

Proof. Let Xn = X]i<|i|<n be the defining column finite frame approximate unit. Con¬ 

sider an approximate unit (un) G ^(Xn) as in Dehnition 13.91 It follows from the uniform 
boundedness principle that sup„ ||7rv(rin)|| < 00 : this follows because for each x G 
the sequence p\fD,vUnV*]px converges, so that 

sup ||p[De, TO„u*]px|| < 00, and therefore sup ||p[I>£, < 00. 

n n 

For K G Fin®(£^) it then follows that 

p[D^,vUnKv*]p = p[T>^, vUnV*]vKv* + vUnV*[T)i;, vKv*]p —>■ p[T>^, vKv*]p, 

by Lemma iTSl Now since Fin 3 (£^) C ]K 3 (£^) is dense and 7rv(u„,) is uniformly bounded, it 
follows that 'K'sj{unK) —)■ 7 rv(F) and 7r\/{Kun) —^ 'K'sj{K) for all K G K®(£^). □ 

We now present some sufficient conditions for a projective operator module to be complete. 

Proposition 3.11. For a projective operator module £3 = pDomp with defining column 
finite frame (xj) and corresponding approximate unit {xn), each of the following conditions 
imply completeness of the module £2 .• 

1) there is an approximate unit {un) G ^{Xn) for K{Eb) such that the operators p[Ti^,Un]p 
converge to 0 in norm on the C*-module ‘Kb+^b+^CI 

2) the projection p is a countable direct sum of finite even projections pk G i 

3) the projection p is an element 0 /End 2 +(ffi®+); 

Proof. Because norm convergence implies strict convergence, 1) implies that the sequence 
p[De, converges strictly on TCb+ , hence the module £$ is complete in the sense of Dehnition 
Thus, to prove 2), it is enough to show that 2) ^ 1). 

2) ^ 1) For a countable family of hnite projections pi with bounded, for each i we 

have pi[T)^,pi]pi = 0 and 

Pk= Y. 

l<\i\<mk 
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By identifying the direct sum with setting p = we can define 

an approximate unit Un = ®f=iPi- The explicit form of pi given above shows that Un is a 
subsequence of the approximate unit associated to the frame (pel.), and so in the convex hull. 
Thenp[T),Un]p = Td=i Pi'^^ Pi]P = 'E7=i Pd'^^ Pi\Pi = 0- 

To show that 3) implies completeness, observe that p G End 2 +( 1 K 3 +) if and only if p (g) Id^ 
preserves the domain of Dg and [T>e,p (g) Idj?] is a bounded operator. Let qn, i G Z denote the 
projection onto the submodule generated by the basis vectors e,, 1 < |i| < n, let Xi = pe*, and 
Xn = Ta=i \Xi){Xi\. 

Now on the image of p, a short calculation shows that XnU = XnPy = PQnPy- Then 


p[T>£, Xn]p = p[Tie,pqn]p = p[T) ^, p]qnP ■ 

The projections qn converge strongly to the identity on IK 5 +, and is bounded. Therefore 

it follows that for any x G ‘K^+, p[T>^, Xn]px = p[T>^,p]qnpx —>■ p[Ti^,p]px = 0, and so Definition 
13.91 is satisfied. □ 


3.4 Self-adjointness and regnlarity 

We now come to the study of self-adjointness and regularity of induced operators 1 (g)v on 
tensor product modules. The setting for this construction is as follows. Let be 

the unbounded Kasparov module defining 23, which we recall, Remark 11.191 is essential so 
that [BFc] = Fc- Given a projective module 6 ® C £3 with grading 7 one obtains an odd 
symmetric operator 

1 (g)v R : £ (g)® DomR —)■ E®bFi (3T4) 

via the usual formula 1 (g)v T)(e(g) /) ;= 7(e) (g) R/ -|- VD(e)/. We extend 1 (g)v R to its minimal 
closure. 

In [13] it was shown that this operator is self-adjoint and regular in the case where p is a 
direct sum of bounded projection operators. In [29] it was shown that there exist unbounded 
projections for which the resulting operator is not self-adjoint. The counterexample uses the 
half-line, a noncomplete metric space. In this section we show that for complete projective 
modules the induced operator is self-adjoint and regular, by an argument similar to that for 
the Dirac operator on a complete manifold. 

Write d := u(l (g)v R)u* with domain and definition 

Dom5 = uDom(l (g)v R) 0 (1 —p)Rb+<8>b+T, d{vy + {I — p)z) = v* {1 D)y. (3.15) 

We have G{d) C (lK^+(g) 5 +F)®^, and the graph of the adjoint operator d* is given by G{d*) ;= 
UG{d)'^, where we recall that U = 

Lemma 3.12. The operator 1 0v T) is self-adjoint and regular on Dom(l 0v T)) if and only 
if the operator d is self-adjoint and regular on DomS. 

Proof. Recall that a closed, densely-defined symmetric operator T : DomT —?■ K is self-adjoint 
and regular if and only if the operators T ± z : Dom T ^ E have dense range, cf. m Lemma 
9.7, 9.8] and m Proposition 4.1]. 
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Suppose that 1 ( 8 )v D ± i have dense range. Then, for x = vy + {l— p)z with y G Dom(l D) 
we have 


{d ± i)x = n(l ( 8 )v T ± i)y + i{l — p)z, (1 ( 8 )v D ±i)y = v*{d ± i)x. 

Since im v and im [1 — p) are orthogonal, it follows that 5 ± i has dense range in "K^+^^+F 
if and only if (1 D) ± i has dense range in E®bF. □ 

We now prove that d is self-adjoint and regnlar. Since the representation of B on Fc is assumed 
to be essential, we have the identification 


^b+^b+Fc —^ (3.16) 

iez 

and the self-adjoint regnlar operator Dg coincides with the operator 1 (g)^ D on 1 K^+( 8 )^+F and 
ed the trivial connection. 

Lemma 3.13. Let ("B, Fc, B) be the defining unbounded Kasparov module for B, with [BFc] = 
Fc, and let C be a complete projective module over B with grading 7 and defining frame 
{xi)-^j^. For an elementary tensor f G S^^+DomB, (l(8)vB)(e(8)/) is given by the formula 

7(e) (g)B/-h V(e)/ = (g) (xi,7(e))B/ -F 7 (xi) (g) [B, (xi,e)]/ 

iez 

= (g) (xi,7(e))B/ ^ Xj (g) (xi,7(xj))[B, (xj,e)]/ (3.17) 

ieZ i,j& 

= ^Xj (g) B(7(xj),e)/ = ^ 7 (xj) (g) B(xi,e)/. (3.18) 

More symbolically, 1 (g)v B = v*dv = v*‘D^v and d = pD^p on vE 0^+ DomB. The map 

is a completely contractive operator with dense range. 


Proof First we show that the sum p.l7p is convergent, so that the map ()3.19p is well-defined. 
The first term on the right hand side of (I3.17P converges trivially. For the second term we 
prove slightly more, estimating for finite sums Ylk fk ^ E^ (g)® DomB 


^Xi (g) (xi, 7 (xj))[B, {xj,ek)]fk 

id,k 


< 


< 


< 




K{E) 


(* 07 ( 2 ;^))[ 25 , {xi,ek 

j,ke.i 


^7rv(efc)7rv(efc)*|| || y^fifk, fk)\\ 


(3.20) 


^7rv(efc)7rv(efc)*|| ^ 


fk\ f fk 
B/J ’iB/fc 
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proving that both (I3.17P and (I3.18P are well-defined. The estimate (13.201) also provides half of 
the estimates needed to prove continuity of the map g. The other half is proving continuity of 
e ( 8 ) / 7 (e) ( 8 ) T)f. So, again, consider a finite sum fk ^ < 81 ® Dom T. We have the 

estimate 


^7(efc) <8) Dfk 
k 


2 

< \\Y1 l7(efc))(7(efc)| 


K{E) 




< 



by using the fact that the C'*-module tensor product E F is isometrically isomorphic to 
the Haagerup tensor product E®bF cf. [9l Thm. 4.3]. 

Combining the two norm estimates above and taking the inhmum over all representations in 
the tensor product shows that the map g satishes 


9 


( 8 ) 

k 



< 2 


^vrv(efc) (8) 
k 



and we are done. 


□ 


Lemma 3.14. Let £$ be a projective operator module with column finite frame (xj) and R G 
^iXn)- Then 

1) the operator vRv* maps DomDg into Dom (9; 

2) the operator vRv* maps Dome?* into DornDg/ 

3) if £$ is complete, then vRv* maps Dom d* into Dom T)^ n Dom d C Dom d. 


Proof It suffices to show that the frame approximate unit Xn of (xj) has the properties 1),2) 
and 3), for then any hnite convex combination R of Xn^ also has these properties. For 1), 
consider the adjointable operators 

<iXk) ■■= ( ° ^ (vE^bF)®^. 

\P[T>e,VXkV*] VXkV*J 

For X = h® f ^ IK® (8)® DomD C Domwe have that 

vxkv*{x)= ^ vxi® {xi,v*{h))f = ^ vxi® {vxi,h)f, (3.21) 

l<|i|<A: l<|i|<fc 


and since v{xi),h G TC 2 +, we have {vxi,h) G (B and thus {vxi,h)f G Dom2). Hence the hnite 
sum ()3.21l) is an element of n£ ( 8 )® Dom 2) C Dom 5. By Lemma 13.131 we get that 


-^viXk) 



( vxkv*x \ 
\p{T>^)vxkV*xJ 


f vxkv*x \ 
\dvxkV*x) 


It follows from (|3.16l) that < 8 )® Dom 2) is a core for 2)^, for it contains the algebraic direct 
sum 0^g^Dom2?. Thus the bounded operators n^ixk) map a dense subspace of G(2)£) into 
G(9), and therefore they map all of G(2)£) into G(c?). This proves 1). 
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For 2), consider the adjoint TT^{xk)*, which by 1) maps G(0)-*- into G(!De)-*-. The equalities 
G(9)-*“ = UG{d*) and G(De)“*- = UG{1)^) allow us to compute, for x G Dome?* 


T^viXk) 


* 



fvXkV* -[T>e,VXkV*]p\ l'-d*x\ 

V 0 vxkV* ) \ X ) 

(-vxld*x-[De,vxkV*]x\ , 

\ vxkv*x ) ^ 


Hence vxkV*x G DomD^ whenever x G Dom9* which proves 2). 

For 3) it suffices to show that vXnV* maps Dome?* into Dome? and then use 2). Let x G Dome?* 
and, since L® is complete, let Uk G ’io{xn) be the approximate unit from Definition 13.91 By 
2) vXnV*x G DomDg and by 1) vukV*vXnV*x G DomS. We have limkVUnV*vXnV*x = vXnV*x 
in norm in 'Kq+®^+Fc- Now the operator p[Ti^,vukV*]p is defined on the dense subspace 
( 8 ) 3 + DomD, and bounded there. Hence it extends to a bounded operator on the whole 
module ’K^+®<^+Fc- The relation 


{dvukv* - vukV*T>s)p = p[T>e, vukv*]p, (3.22) 

which is valid on the subspace DomSn DomlDg r\p'}i'^+®'^+Fc-, along with the boundedness 
of p^^,vukV*]p, imply that the left hand side of Equation (|3.22l) is bounded. Gombining all 
these facts with the strict convergence p[D£,nufcn*]p — 0 , we find that 

\\m. dvUkV*VXnV*X = \\mVUkV*D^VXnV*X + dvUkV*VXnV* — VUkV*T>£VXnV*X 
k k 

= lim VUkV*pT>^pVXnV*X + p[T>^,VUkV*]pVXnV*X 
k 

which since vukV* — >• p strictly, shows that the sequence converges. Since d is closed, vXnV*x G 
Dome?. □ 


The paper |30j introduces a local-global principle for regular operators on C'*-modules. The 
main technical tool developed is the following. Let Eb be a C'*-module and cj : H —)• C 
a state and TCg- = L‘^{B,a) the associated GNS representation. The localisation is the 
Hilbert space completion of Eb in the inner product (e,/)o- := cr((e,/)), and there is a dense 
inclusion : Eb —)• E^ and a *-representation tTu : End^(EB) —>• M{E^). Equivalently, 
E°' = E®b where Lp‘{B,a) denotes the GNS representation space of B defined by 

the state a. A closed, densely defined symmetric operator T on E induces a closed densely 
defined symmetric operator in E^, by defining it on the dense subspace io-(Domr) C E^ 
and taking the closure. It then holds that t(j(Domr*) C Dom(r'*)*, cf. [3n( Lemma 2.5]. 

Theorem 3.15 (Theorem 4.2, [30]). Let T be a closed densely defined symmetrie operator in 
the C*-module Eb- Then T is self-adjoint and regular if and only if all loealisations are 
self-adjoint. 

For an unbounded Kasparov module (23, Eq, T) and a state cr : C —>■ C we obtain a contractive 
map 23 —>• Lip(D'*). This follows because by definition ^^(DomD) is a core for D** and for all 
6 G 23 and / G DomD we have TTa{b)La{f) = i-aibf) G ^^(DomD). Thus TT^ib) preserves the 
core for D**. The commutator satisfies 

||[D^7^<,(6)]..(/)f = ||..([D,6]/)f = a(([D,6]/,[D,6]/)) < ||[D,6]||V((/,/)) 

= \\[T,b]f\fM)f, 
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and is thus bounded on this core. Thus 7ro-(6)] = 'K„([1),b]) and we can write 7rx)<^{b) = 
and hence the map 7rD(5) i—)• irxi^’ib) is completely bounded. We let be the 
completion of B is the norm induced by tt^ct , and define the localised module over B^ via 
the map IK 2 + —)• IK 3 <t+ . 

Lemma 3.16. Let 6 ® be a eomplete projective operator module for {B, Fc,B)) with column 
finite frame (xi) and frame approximate unit Xn- Then for all states a : C ^ C, the loealised 
module is a eomplete projective module for {B°', ,T>^). Moreover, under the identifiea- 

tion E®bF^ — {E^bFY we have 1 (8)v = (1 T)Y o,s unbounded operators. Therefore 

1) for each n, the operator TTaiXn) maps Dom(9'^)* into Dorns'^; 

2) there is an approximate unit (un) C ^{Xn) such that p[T)f, vUnV*]p converges to 0 ^-strongly 
on ‘Kb+®b+F'^■ 


Proof. To check that £'b<t is a complete projective module, it suffices to show that the defining 
frame (xi) of is column finite for B^^, and that there exists an approximate unit (un) G 
^iXn) such that p[DYvUnV*]p —)• 0 ^-strongly on "Kb+Yib+F^. Column finiteness follows from 
complete boundedness of the map vrD( 6 ) 1 —)• vrD<T( 6 ), proved after (I3.23P above. This is because 
complete boundedness shows that for all e G £3 

\\TTB)Y{xi,e))i^±\\ < |||7ri,((xi,e)).g2||, 

and so in particular for all the vectors Xj. Definition 13.91 gives an approximate unit {un) 
in the convex set ^{xn) C Fin 3 (£) for which the sequence p\fDf.,vUnV*]p converges to 0 
strictly on tK^+^^+F and is therefore uniformly bounded in re. Thus the localised sequence 
p\fDf,'Kfj{un)]p = 'Kfj{p\fD^,uY\p) is bounded as well and converges strongly to 0 on the dense 
subspace lK^+( 8 )to-(T) and thus on all of "Kb+^F^. Hence £b<t is a complete projective module 
for {B",F^,1)^), which in particular proves 2 ). 

The operator 1 Ciy is defined on its core £ ( 8 ) 5 + DomT®' while (1 ( 8 )v T)Y is defined on 
to-CDom 1 ( 8 )v D). We claim that the subspace 

X := io-(£ Dom T) = £ (g)® ^^(Dom T) C ^(Dom 1 (gy D), 

is a common core for (1 (gjy BY and 1 (gy 2?°'. Since £ (g)® Dom 2? is a core for 1 (g)y 23, its 
image under is a core for (1 (g)y 2))°'. To see that it is also a core for 1 (g)y T)^, we use the 
definition 

1 (g)y 23'"(e (g) /) = 7 (e) (g) 2 )/ + XTi{e)f = lY) ® f + ® {xi, e)]/, 

and take a sequence fk G Dom 23 converging to / G Dom 23°" in the graph norm. The term 
7 (e) (g) T>" f]^ will then converge to 7 (e) (g) 23°'/. The other term can be estimated using the 
Haagerup norm 

II ^7(xi) (g) [23, {xi,e)]{fk - fe)\\l < || Y1 l^i)(^*l|lK(E) IKt®’ {xi,e)]{fk - fe))iet\f 

< ||([23,(xi,e)]).g^||^ Wfk - fiY, 

and the norm of the column ([23, {xi,e)])-^^ is finite because e G £®. Therefore we can approx¬ 
imate any ?/ G £ (g)® Dom 23° by elements of X in the graph norm of 1 (g)y 23°. Thus the closure 
of 1 (g)y 23° on X contains £ (gi^ Dom 23° which is the defining core for 1 (g)y 23°. Therefore X 
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is a common core and since the operators (1 (8)v and 1 (S>v coincide on X, it follows 
that (1 (8)v = 1 <8)v 25'^- 

Statement 1) now follows by applying Lemma [3.14l to the frame (xj) of the complete projective 
module £b<t. □ 

We now come to the main application of complete projective modules: self-adjointness of 
the connection operator 1 (S>v 2?- A further application of the domain mapping properties of 
approximate units then allows us to show that ]K(£^) is a differentiable algebra. 

Theorem 3.17. Let £$ be a complete projective module for ('B,Fc,T>). Then the operator 
1 (8)v T) is self-adjoint and regular. 

Proof. We must show that for all states a : C ^ C the operator on the Hilbert space 
{E^bFY — E0bF^ is self-adjoint. Let {un) C ^{Xn) be an approximate unit as in Definition 
13.91 By Lemma [3.161 TTaiun) maps Dom(0'^)* into DomS*^ and p[T)f, vUnV*]p converges to 0 
^-strongly on “Kb+^b+F^ . For x in the dense subspace IK3+ (8) DomD®", which is a core for 
d'^, using Equation (13.1711 we have, 

[d'^,vukV*]x = d^vukV*x — vukV*d'^x = pT)f.pvukV*x — vukV*pT)fpx = p[T)f, vukV*]px 0, 

in norm, and by uniform boundedness of p[Di;,vukV*]p, the convergence holds for all x G 
Therefore if y G Dom(5‘^)*, then UkV G Dorns'^ and UkU y, so we can compute 

{dY*y = limufc(9'")*y = lim d'^Uky - [{d'')*,Uk]y = lim Ukd^^y + [d‘",Uk]*y = d'^y, 

which shows that y G DomS®^ and is self-adjoint. The local-global principle of m now 
says that d is self-adjoint and regular. □ 

We now describe the algebra of adjointable operators on a complete projective module. Let the 
isometry of C'*-modules v : E ^ ^b+ be such that it induces a column finite frame 
which in turn determines a complete projective submodule £2 C £5 C Eb. The defining 
representation 

(K\ = ( ^ ^ 

^ \p[Te,vKv*]p vKv*)' 

preserves the submodule [pTiB+^B+F) © (pfK^+(8)g+F), and annihilates the orthogonal com¬ 
plement. 

Definition 3.18. The algebra of adjointable operators on the projective module £^ is the 
idealise!’ of 7rv(IC(£^)) in End^((pfKg+(8)^+T)®^). It is denoted End3(£^). 

Proposition 3.19. If £5 is a complete projective module then End 5 (£^) is an operator 
*-algebra, isometrically isomorphic to M(]K(£^)) and coinciding with a closed subalgebra of 
Lip(l ©V Fi). Hence ]K(£^) is a differentiable algebra. 

Proof. This essentially follows from Propositions 11.91 and 11.171 Since 1 ©v F) is self-adjoint 
and regular the commutators [1 ©v F>,vKv*] coincide with the operators p[T)^,vKv*]p when 
K is finite rank. Suppose now that T G End5(£^), so there is a sequence of operators T„ 
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such that for all K G Fin2(£) we have TnK G Fin2(£) and both TnK and p[T)i;,vTnKv*]p are 
convergent. Then since 

p[D,,vTnKv*]p=[d,vTnKv% 

it follows that 

d{vTnKv*x) = [d,vTnKv*]x + vTnKv*d{x), 

is convergent for all x G Dom5. Thus TK preserves Dome? for all K G Fin2(£) and 
?;Fins(£)u* • Dome? is dense in pDom5 in the graph norm by definition of 1 (8)v 2). Thus 
T preserves a core, and on this core the commutator 

[d,vTv*]vKv*x = [d,vTKv*]x — v^{T)v*[d,vKv*]x, 

is a bounded operator. Thus vTv* G Lip(5), which is equivalent to T G Lip(l(8)vl?) as desired. 
The argument now proceeds as in Proposition 11.171 □ 

4 Completeness and the Kasparov product 

The constructive approach to the Kasparov product has appeared in several slightly different 
versions in recent years, [laisiisi]. The variations have come from the assumptions imposed 
on the correspondences {A, £b, S, V) which refine the notion of unbounded Kasparov module. 
The most recent refinement in m was the inclusion of a class of unbounded projections 
into the theory, required to deal with examples arising from the Hopf fibration. Unbounded 
projections also appear in the construction of products for Cuntz-Krieger algebras [23], the 
natural Kasparov module for SUq{2) |341146j and the differential approach to the stabilisation 
theorem |29] . In the previous section of the present paper, the notion of complete projective 
module enlarges the class of unbounded projections we can work with. 

4.1 Constructing the unbounded Kasparov product 

In this section we will show that the lifting constructions of ia[36] can be refined in such a 
way that we can lift a pair of cycles {A, Eb, Fi) and {B,Fc,F 2 ) to an unbounded Kasparov 
module {'B,Fc,T) and a correspondence {A, E‘^, S,^) for {F>,Fc,T). This has the advantage 
that their Kasparov product as constructed through Theorem 14.31 is then well-defined. Since 
we only have to lift two classes, we provide a significant improvement over the results of |36j . 
where it was shown that any three KK-classes, with one the product of the other two, can be 
lifted to unbounded classes in a way compatible with Kucerovsky’s conditions for representing 
products [35] . 

Our first task is to assemble the results in the literature and blend them with the present work 
in order to give sufficient conditions under which the unbounded Kasparov product can be 
constructed. These conditions will allow us to show in Section [4.41 that any Kasparov product 
can be realised as the composition of a correspondence and an unbounded Kasparov module. 

Definition 4.1. Given (23, Fc, T) an unbounded Kasparov module with bounded approximate 
unit for 23, an yi-23 correspondence for (23,Fc,r) is a quadruple (yi,£®,S', V) such that: 

1) £s is a complete projective operator module over the algebra 23; 

2) the algebra A is dense in A and A C End3(£^) n Lip(5); 

3) a self-adjoint regular operator S : DomS" —^ E such that {S ± G End3(£^) and 
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a{S ± i) ^ G ]K5(£^) for a £ A] 

4) a connection V : ^ E'S)b^^ such that V((S'±i)“^£^) C Dorns'®! and [V, S](S±i)“^ : 

£^ ^ is completely bounded. 

The correspondence is called strongly complete if there is an approximate unit (ti„) for A such 
that both [S, u„] —^ 0 and [1 ®v T, ® Idj?] —)• 0 in C’^-norm. 

In condition 4), we regard V as an odd operator so the commutator is the graded commutator 
[V, S] = VS — 7(S)V. One of the key points in the construction of the Kasparov product is 
the self-adjointness of the product operator, and this is deduced from the general framework 
of weakly anti-commuting operators described in the appendix. 

Lemma 4.2. Let (.A,£s,S, V) be an A-E) correspondence for ('B,Fc,T). The self-adjoint 
regular operators s := S ® 1 and t := 1 ®v T weakly anticommute in E®bF■ 

Proof. We will show that the conditions of Definition 14.11 imply those of Definition lA.ll By 
Lemma 13.131 the map 

9: £v®,G(r) ^ G(1 ®v r). . ® (/^) .. , 

has dense range. This means that the submodule X := £^ DomT, is a core for 1 ®v T. 
Since (S ± i)~^ : £^ —^ £^, the resolvents (s ± preserve the core X, so 1) of Dehnition 
lA.ll is satisfied. By condition 4) of Definition 14.11 it follows that t{s ± i)~^X C Dorns, so 2) of 
Definition lA.ll is satisfied as well. On the core X the graded commutator can be computed as 

[t, (s ± = t{s ± i)~^ + (s T i)~^t = (s =F 4= i) -t- (s =F i)t)is ± i)~^ 

= {s^i)~^[s,t]{s±i)~^, 

and this is a bounded operator because 

[s,t](e ® /) = (5 ® l)(7(e) ® r/ + V(e)/) + ^(Se) ®Tf + V(Se) ® / = [V, S]{e)f. 

Thus, (s±z)“^ preserve the domain of t and [s, t](s±i)“^ are bounded there, proving condition 
3) of Definition lA.ll □ 

The following theorem encompasses and generalises the constructions of the unbounded Kas¬ 
parov product that have appeared in daEnin]. 

Theorem 4.3. Let (13, Fc,T) he an unbounded Kasparov module and let {A, £2,5, V) an A-B 
correspondence for {T, Ec,T). Then {A, {E®bF)c-,S ®l-\-l®yT) is an unbounded Kasparov 
module representing the Kasparov product of {A, Eb, S) and {“B, Fc,T). 

Proof The operator t := 1 ®v T is self-adjoint and regular in E®bF by Theorem 13.171 as is 
the operator s := S' ® 1. Now s and t weakly anticommute by Lemma [4. 2 1 and hence their sum 
is self-adjoint and regular in E®bF by Theorem IA.41 with locally compact resolvent by an 
argument similar to lai Theorem 6.7]. Thus (A, {E®bF)c-, S ® 1 -|- 1 ®v T) is an unbounded 
Kasparov module. One then shows, exactly as in [311 Theorem 7.2] and [411 Theorem 6.3.4], 
that the hypotheses of Kucerovsky’s theorem, |35l Theorem 13], are satisfied. Hence this cycle 
represents the Kasparov product. □ 
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Now we embark on a series of lifting results of increasing sophistication, whose ultimate aim is 
to show that any pair of composable KK-classes can be represented by unbounded Kasparov 
modules satisfying the hypotheses of Theorem 14.31 Recall that for a bounded (^4, R)-Kasparov 
module {A,Eb,F) the associated ideal of A -locally compact operators is 

Ja{Eb) := {T e EndB(KB) : aT, Ta e K{Eb) for all a G A}. 

The operator F is in the idealiser of Ja{Eb), for if T G Ja{Eb) then FT a G K{Eb) since 
Ta G and aFT = FaT — [F,a]T G K{Eb) as well. Moreover, 1 — and hence 

(1-F2), 

are both elements of J. The C*-algebra Ja{Eb) is not cr-unital in general. The 
following counterexample to cr-unitality arose from discussions of the first author with J. Kaad: 
Let I be an ideal in a unital C^-algebra B. Take F := C'o(N,/) viewed as a C^-module over 
C'o(N,/) and let A := Co(N,B). Then Ja{E) = Cb(N,I) which is not cr-unital. 

In [1] it was shown that any bounded Kasparov module {A,Eb,F) can be represented by an 
unbounded Kasparov module {A, Eb, T>). The operator T> is obtained from F by constructing 
a suitable strictly positive i element in the ideal Ja{Eb) and then setting T := F£~^. We 
denote by Jp the C'*-algebra generated by K{Eb) and 1 — F^, which is a separable subalge¬ 
bra of Ja{Eb)- The element i is constructed from an approximate unit for Jp with certain 
quasicentrality properties. 

Definition 4.4. Let {A, Fp, F) be a Kasparov module with [AFp] = Fp, F = F* and 
1 — F^ > 0. A strictly positive element i £ Jp is admissible if: 

1) there exists C > 0 with i[F,£] < C£'^; 

2) (1 -F2)2^-i is bounded on the range of £ and has norm c < 1; 

3) there is a total subset {oj} C A for which a, : £E -A £E, the commutators [£~^,ai\ and 
[F,ai]£~^ are bounded on the range of £, and so extend to operators in End5(F). 

Theorem 4.5. If £ £ Jp is admissible then V := ^(F£~^ +£~^F) is a self-adjoint regular 
operator with the property that (A, Fp, T) is an unbounded Kasparov module defining the same 
class as (A, Ep,F). 

Proof. It is shown in [361 Lemmas 1.4, 2.2] that F£~^ defines an almost self-adjoint (so [F,£~^] 
is bounded) regular operator on Fp with resolvent in Jp and that it has bounded commutators 
with all the a*. Thus (A, Fp, T) is an unbounded Kasparov module and it suffices to show the 
equivalence of the Kasparov modules defined by F and T>{1 -|-where T> = F£~^. By 
[U Proposition 17.2.7], it suffices to show that 

a{FT){l + T)*T))-^/‘^ -h {T){1 + 'D*T))-^/‘^F)a* 

is positive modulo compacts for all a G A. Simplifying yields 

FTi{l + T)*T))~^/^ -£ ©(I -h T)*T))~^/^F 

= F'^£-^{1 + {F£-^)*{F£-^))-^/^ + F£-^{1 + {F£-^)*{F£-^))-^/'^F 
= F[F,£-^]{1 + {F£-^)*{F£-^))-^/^ + F£-^[F,{1 + {F£-^y {F£-^))-^/^] 

+ 2F£-^/^[£-^/‘^, (1 + {F£-y*F£-y-^/^]F + 2F£-^^^{1 + {F£-y*F£-y-^/‘^i-^/‘^F 

The first term on the right hand side of the last equality is compact when multiplied by any 
a G A on the right and the last term is positive, so we are left with the second and third terms. 
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Now we compute the commutator in the second term using the integral formula for fractional 
powers, [H]. So 

r\F, (1 + (a +1 + {Fi-^)*{Fi-^))-^] dx 

TT Jo 

x-i/2^-i^x +1 + r^F^i-^)-\F, {Fi-^y{Fi-^)]{x +1 + r^F^i-y-^dx 
x-i/2^-i^x +1 + i-^F^ry-yF,r^]F^£-\x +1 + r^F^ry-^dx 
x-i/2^-i^x +1 + e-^F^i-y-H-^F^[F,i-^]{x +1 + r^F^ry-^dx 

We observe that £~^{1 — is bounded and of norm c < 1 by Definition 14.41 It follows 

that £~^F‘^i~^ = £~‘^ — £~^{1 — F‘^)£~^ > £~‘^ — c^l. The functional calculus then yields the 
estimates [13 Appendix A] (for the norm of endomorphisms on Eb) 

lir ■(! + A + - c^)- II < 11(1 + A + II < 

Thus the integral converges in norm. Since multiplying the integrand on right and left by an 
element of A yields a compact endomorphism, the same is true of the integral. For the third 
term the integral formula yields 

(1 + r^F'^ry-^/y 

^ ^ ^ + r^F‘^1-^ + A)-1 dX. 

In order to obtain the norm convergence of this integral, we write 

and 

+ A + r^F^^ry-^ = + a + 

Since + A + F "^+ A + — c^)~^, the same norm estimates we 

used for the second term give us 

||ri/2[ri/2,(i + riF2r)-i/2]|| 

r A-V2(i + a - c2)-3/2dA + r a-V2(i + a - c^-^dX < oo 

27r Jq 4tt Jq 

and so the integral converges in norm. As multiplying the integrand on both sides by an 
element of A yields a compact endomorphism, the same is true of the operator defined by the 
integral. This completes the proof. □ 

4.2 Quasicentral approximate units 

The construction of an admissible multiplier £ needed in Theorem 14.51 uses quasicentral ap¬ 
proximate units as in |4]. In order to lift Kasparov modules to correspondences, this notion 
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needs to be refined. The existence of quasicentral approximate units in C'*-algebras has been 
crucial for the development of KK-tYieoiy, notably in Higson’s proof of the Kasparov technical 
theorem. 

In this section T will always denote a unital operator algebra, and 3 C 23 a closed 
ideal with bounded approximate unit. 

For such 2 and 23, we wish to prove the existence of quasicentral approximate units. We will 
do this by using the argument of Akemann and Pedersen [T]. This method was employed 
in [21 Theorem 3.1] to construct quasicentral approximate units for closed ideals in operator 
algebras with contractive approximate units. By virtue of Proposition ll.71 the technique works 
for operator algebras with bounded approximate unit. 

In Theorem 14.131 below, we prove a strong form of quasicentrality, unknown even in the case 
of C'*-algebras. Namely, we will view the ideal 0 C 23 as sitting inside End3(TC2) as ‘scalar’ 
matrices 3 ■ Although 3 is not an ideal inside End3(TC3), we will see that 3 admits 

approximate units that are quasicentral inside End^(TCs). That is [ux ■ Id3<^,r] —>• 0 in norm 
for all T G End^(J{s). 

By an ideal in an operator algebra we will always mean a closed, two sided ideal. For an 
operator algebra 23 its amplification is 

:= ^ n ® ■ 11^*11 < 

iGZ 

which is canonically an operator algebra in the indicated norm. 

For a general operator algebra 23, the module of infinite columns is paired with the module 
of infinite rows TC^ via 

and EndJ (24®) is defined to be the algebra of completely bounded operators T : 24® —)■ 24® for 
which there exists T : 24^ —)■ 24^ such that {x,Ty) = (Tx,y) for all x G 24^, y G 24®, cf. |8l 
Section 3]. For operator ^-algebras, the spaces 24^ and 24® are anti-isomorphic ( |41( Lemma 
4.4.1]) and this dehnition of End3(24®) is equivalent to the one given earlier in (|3.2I) . 

We wish to describe End3(24®) as an algebra of infinite matrices. Since 23 is unital, to an 
element T G End3(24®) we can associate matrix coefficients (Tij) by using the canonical basis 
Ci of 24®. For an inhnite matrix T := iTij)ij^x N-truncation is the hnite 2N x 2A^-matrix 

Tn = {Tij)N '■= (^ij)l<|i|,|j|<Af- 

Lemma 4.6. Let T G EndJ(24®) and vr : 23 —)• ]B(24) he a completely isometric representation. 
Then the matrix coefficients Tij G 23 satisfy 

'^7r{Tij)*Tr{Tij) < oo, '^7r{Tij)Tr{Tij)* < oo, 

* 3 

where these series are norm convergent in B(24). For any G 24® the series 

Y^TT{Tij)*7r{bj), 
j&t 3 

are norm convergent in B(24). 
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Proof. Using the basis vectors and considering 

we obtain the stated conditions on the rows and columns of T. Considering the series Ylj 
estimate the tails by 

II = II '^ixky-^{Tik)*7r{Tij)TT{bj)\\ 

\j\>n \j\,\k\>n 

= \Mh))U>n • i^mkr)\k\>n • (^(r*,))|i|>n ' (^(&.))b|>nll 

< II ■ (^(^b))|j|>nll 

= IkllMsIl 0, 

as n —)• oo because the the rows {Tij)^^^ are elements of IKs- The argument for the series 
7r(Tjj)*7r(Tjj) is similar, now using the condition on the columns of (Tij). □ 

Given a closed, two-sided ideal 3 C 23 there is an embedding IKg —)• IK® and we define the 
subalgebra 

= {T G End^(J{®) : TIK® C Jig}. (4.1) 

Lemma 4.7. Every T G End®(IK®) has the property that TJig C Jig. Consequently the 
subalgebra End®(IK®,3) is a closed two-sided ideal in End®(lK®). The algebra End®(lK®,3) 
can be equivalently defined as the subalgebra of those T G End®(IK®) all of whose matrix 
coefficients Tij G 3- 

Proof. Let x = {bj).^j^ G Jig and e, the standard basis elements of IK®. We need to show that 
for T G End 2 (IK®), the coordinates {ei,Tx) are elements of 3- Eor an isomtetric representation 
TT we have 

7r{{ei,Tx)) = 'Y'^iTijbj) G 3, 

iGZ 

which is a convergent series by Lemma [4.61 The elements of the series lie in 3 since bj G 3, and 
3 is closed, so it follows that {ei,Tx) G 3- 

To see that End®(IK®,3) is closed, we use the fact that IKg C IK® is closed. For then if T„ is 
a sequence in End®(IK®, 3) which is Cauchy for the norm on End®(IK®) then for each x G IK® 
the sequence T^x G IKg is Cauchy. Hence the limit Tx G IK® is actually an element of IKg. 
For S G End®(IK®), T G End®(IK®,3) and x G IK® we have STx G IKg because Tx G IKg and 
TSx £ Jig by definition of EndJ(IK®,3). 

It is immediate that for T G End® (IK®, 3) all the Tij are in 3- Conversely, if Tij G 3 for all z,j 
then by Lemma IH6l for any {bi)-^^ G IK® we have T{bi).^.^ = (^ '^ij^j)i£± which is an element 
of IK® all of whose coordinates are in 3 and hence an element of IKg. □ 

For a directed set A, the set 

A°° := {(Aj).g^ : A* G A}, 
is a directed set with the partial order 

(Aj) < {m) ^ \i< fii, for all i. 
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If {uaIasA is a bounded approximate unit for an ideal S C ‘B, then 


“(Ai) {diag 

is a net in End^(fICs,iJ) indexed by A°°. The diagonal matrices Vn,\ defined by 





f| < n 
f| > n 


constitnte a subnet. The algebra End3(lK®,3) admits an approximate unit whenever 3 does. 

Lemma 4.8. If {ux)xeA is a bounded approximate unit for 3, then: 

1) the net {u(^Xi)){\i)&A oo j is a bounded approximate unit for End’^{!K's,3); 

2) the subnet {vn,x) is a bounded approximate unit for'K®3- In partieular'K®3 has a sequential 
approximate unit whenever 3 does. 


Proof. Given an operator T := [hij) and e > 0, by Lemma 02] we can choose Aj, j € Z, such 
that the columns {bij)i satisfy 

\\{bij - hijUx^)i\\ < 

Since (Aj)^gg G A°°, the matrix n(Aj) = cliag(nAj) is an element of the directed set in 1). We 
can estimate 

llrdiag(riA^) -T|| = \\{bij)dmg{ux^) - {bij)\\ = || '^{bijux^ - bij)i\\ 

j 

< WibijUx^ - bij)i\\ < < e, 

j j 

showing we have a right approximate unit. In a similar way one shows that the directed set is 
a left approximate unit. The proof of 2) is similar bnt easier. □ 


We define two representations vr : 23 —)• B(IK^) and /? : 23 —)• ]B(lKp) to be cb-equivalent if there 
exists a cb-isomorphism g : ^ Up such that vr = g~^pg. 

Lemma 4.9. Let tt : EndJ(lK2) —)• ]B(2b) be a eb-representation. There exist idempotents 
qi G 7r(End3(lK®)) C B(fK) such that ^^^qi = vr(l) and supj ||gi|| < oo. Consequently, vr is 
cb-equivalent to the representation 

Ends(lKs) (bij) [qiT^{bij)qj). 

iez 

Proof. Using matrix coefficients and embedding 23 in the (i, z)-diagonal slot of EndJ(lK®) 
we obtain from vr a family of representations vTj : 23 —)• B(1K) satisfying TTjTTj = 0. The 
elements qi := 7rj(l) are the corresponding idempotents in B(TC). We also write q = '7r(l). 
If we write TCi := qidi, then since qiqj = 6ij, and ||gj|| < ||7r||, we have a cb-isomorphism 
qdi^ e* gg TCj and so a cb-isomorphism g : TC ^ (1 —IKj. Using the identifications 
[7r(23)!K] = qH and Nil '/r(23) = (1 — q)TC, this clearly gives a cb-equivalence between vr and the 
matrix representation {qiT^{aij)qj). □ 
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Lemma 4.10. Let 0 C 23 be an ideal in a unital operator algebra 23 and let (ux) be a bounded 
approximate unit for 3- Let vr : End^(IK®) —)■ B(!K) be a ch-representation. Consider the 
subalgebras 3 = 3- C EndJ(!K2,3) C End 3 (d{®) and the representations vr : J —)■ B(d{) 
and TT : End^{!K':£,,3) —>• B(?{), defined by restriction. Then: 

1) there is an equality of essential subspaces [k{3)^] = [7r(End3(?{3,0))d{]; 

2) the idempotent q = w-Mvaux £ B(!K) from Proposition [Z3 commutes with 7r(T) for all 
T £ EndJ(J{a5). 


Proof. First we show that [tt{3)'K] = [7r(End2(!Ks,3))34]. It is clear that 

[r:{3m C [7r(End^(?ts,a))iK], 


so we proceed to show the reverse inclusion. By Lemma 14.91 we may assume that there are 
idempotents qi -. Ti ^ "K such that Li = and iriaij) = {qiT^iaifiqj). We wish to 

show that for {hi) £ [7r(EndJ(lK®,a))lh], it holds that 'k{ux ■ Idjc^)(hi) —)• {hi), so that {hi) £ 
[7r(a • Id 5 {g)lK]. Thus we must show that for every e > 0 there exists fi £ A such that for all 
X> fi it holds that ||7r(uA • Idj{^)(hj) — {hi)\\ < e. So let e > 0 and choose £ N such that 


^ ^ (hj, hi) 
|i|>Ar 


e 

2(C||vr|| + l)’ 


where C := sup;i, ||rtA||- We claim we can choose p, such that for ail X> p and 1 < |i| < — 1 

||7r(?rA • IdM^)(hi)|i|<jv - (^^KKivll < (4-2) 

To see this, first observe that (hj)i<|j|< 7 v £ ['^iE^d^{Li'h-,3))Lii]. This is the case because 


•= X] ^ End^(?fs), 

l<|i|<Ar 

and (hj)i<|j|<jv = <l\N\{hi)- Then, by Lemma [L6] and Lemma ITSl 

'^{ux ■ ^ {hi)\i\<N^ 

and since we only deal with finitely many entries (at most 2N), this means we can choose p 
as in Equation (|4.2I) . Thus we have for A > /z that 


■k{ux ■ Idjr^)(hj) - {hi)\\ < ||7r('UA • Uji^){hi)i<\i\<p^ - (hi)i<|i|<Ar|| 

+ ||7r(uA • Id3<j3)(hj)|j|>7v - (^i)|i|>Af|| 

< ^ ||7ri(ttA • Ida<j3)/ij - hill 

l<|i|<Af 

+ II ^ {{-^{ux ■ Ida<j3 “ Wikb)/!*, (7r(zzA • - Idjr^)/!*) 

|i|>Af 

< I + (ik(ua • idMB)ii +1) II 

|i|>iV 

^ e (||7r(uA •Id^B)!! + l)e ^ 

2^ 2(C||7r|| + l) 
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showing that 'K{ux){hi) —)• (hi). 

In the same vein [7r(3)*IK] = [7r(End3(!K2,3))*!K]. As End 3 (ItC 2 ,3)) is an ideal in EndJ(tK®), 
the subspace ['K{End^{'K's,3))^] is End 3 (lK®)-invariant. The topological complement, given 
by [7r(End5(lK5,3))*1K]-*-, is EndJ(lKB) invariant as well: Let v G [7r(End3(lKB,3))*1E]-*- and 
h G [7r(End5(lKB,3))*1E]. Then 7r{T)*h G [7r(End5(lK3,because End’^{‘K's,3) is an 
ideal and thus 

{7r{T)v,h) = {v,7r{T)*h) = 0. 

That is 7r{T)v G [7r(End5(lK2,From 3), 4) of Proposition 11.71 we see that 

q7r{T)q = 7r{T)q, (1 - g)7r(r)(l - q) = 7r(r)(l - q), 

from which q7r{T) = 7r{T)q follows readily. □ 

Lemma 4.11. Let {u\) be a bounded approximate unit for an ideal 3 in an operator algebra 35. 
Then for all T G End 3 (lK®), [ux ■ ^ 0. That is, ux ■ commutes with EndJ(lK®) 

weakly asymptotically. 

Proof. The argument we give is modelled on the proof of [H Lemma 3.1]. We assume that 
End 3 (TC 2 ), and hence 3 and 35 are completely isometrically embedded in ]B(1K). Let the linear 
functional (/> : End 5 (lK®) —)• C be continuous. By the Hahn-Banach theorem we may extend cj) 
to the enveloping C*-algebra C*(End 5 (lK 5 )), the C'*-algebra generated by End 5 (lK 3 ) C ]B(1K). 
Since every element in the dual of a C'*-algebra is a linear combination of four states, it suffices 
to prove weak convergence with respect to all states of C*(End 5 (lK®)). If we denote by 
TTu : C* (EndJ (IK'S)) —)• B(1K„) the universal GNS-representation of C* (EndJ (IK®)), the state 
(f has the form b i—)• (7r„(6)u,u), where u is a vector in the GNS-space 1K„. Since (ux) is an 
approximate unit for 3, '^{ux) converges strongly to an idempotent q onto ['i:{3)3iu]- By Lemma 
14.101 q commutes with 7r{aij). Hence 

lim(/)([MA • = {v, [q,7TuiT)]v) =0. □ 

A 

Definition 4.12. Let 3 C T be an ideal and ux a bounded approximate unit for 3- The 
bounded approximate unit ux is said to be End^{3{'s)-quasicentral if for all T G End 5 (lK 3 ) 
we have limA ||[T ,ux ■ Id^slll = 0. 

We are now ready to establish the existence of End 3 (lK 2 )-quasicentral approximate units. It 
should be noted that this result is new even for C*-algebras. 

Theorem 4.13. Let (ma)agA be a bounded approximate unit for a closed ideal 3 in a unital 
operator algebra T>. Then there is an End^{3i'^)-quasicentral approximate unit for 3, 

contained in the convex hull of {ux). 

Proof. The proof is formally identical to that of [H Theorem 3.2]. We assume End 5 (lK 2 ) is 
isometrically isomorphically embedded in ]B(1K). Denote by '^(ma) the convex hull of (uA-Idjr^g). 
Ghoose elements bi,... ,bn G End 5 (lK 5 ), v G 3a {ux) and e > 0. Gonsider 

n 

^{ux) c EndJ(lKs)” = 0EndJ(lKs), 

i=l 
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by diagonal embedding and set b = diag(6i,..., bn)- The set := {[u,b] : u G ^(ux)} is convex 
and hence its norm and weak closures in coincide. By Lemma 14.111 [ua • Idj{^, b] ^ 0, 

and hence 0 must be a norm limit of elements of ‘^b- That is, there exists v G ^b with 
II [u, 6] II < e. Letting Q denote the set of finite subsets of End3(lKB), the argument shows that 
for each pair (A,a;) G A x there is a vx^^^ G ■ X < fi) for which 

ll|t>A„,i'lll < T. 

\0J\ 

for all 6 G w. The relation 

{X,ui) < {X',uj') ^ X < \' and uj C ui', 

dehnes a partial order on Ax n, with respect to which {vxuj) is a bounded approximate unit. □ 

The next theorem considers quasicentral approximate units for algebras of multipliers, relative 
to a second ideal. This result is not as general as the above theorem, but provides the statement 
we need for our rehnement of the Kasparov technical theorem in the next section. 

Theorem 4.14. Let “B be a unital operator algebra and % an ideal with bounded approximate 
unit {vn)- Assume that U, A C T are subalgebras such that S is an ideal in B, "dA, A'd C JC and 
“XA = A% = %. If A has a bounded approximate unit {u}f) then there exists an End3(TC3,3) 
quasicentral approximate unit for A contained in the convex hull of (uk)- 

Proof. Assume without loss of generality that EndJ (TCs) is completely isometrically embedded 
in B(TC) and let C*{Ejn<A^{‘K‘^)) C B(ll{) denote its enveloping C'*-algebra in this representation. 
We wish to prove that for all functionals f : End3(TC2,lK) C, and all T G End3(TC2,0) we 
have (/)([ufc,T]) —)• 0. 

As in the proof of Lemma 14.111 it will suffice to prove this for vector states 4> = {v, -v) on 
C*(End^(TCs)) coming from the universal GNS representation : C'*(Ends(TC3)) —)■ B(TC„). 
Since both % and A have bounded approximate units. Proposition 11.71 gives two idempotents: 
p mapping onto 

[7r„(3C • ld<}i^)'Ku] = [7r„(EndJ(lKB,3<:))J{„], 

(cf. Lemma [4. 10 j) and q mapping onto [7r„(A. • Idj{^)lKu] as the strong limits of (vn) and (ttfc) 
respectively. Since ALK = X, we have ['Ku{A)[ku{X)!Ku]] = [ku{X)‘Ku] and thus —>■ 1 strongly 
on [ku(X)!Ku] = pBCu, again by Proposition 11.71 We claim that pq = qp = p- To see this, first 
observe that pq = qp, since by Lemma 14.111 p commutes with all elements of B and hence in 
particular with A. Therefore, for any h G TC we have 

qph = Wmukph = Wmpukh = pqh. 

Then since {uk) converges strongly to 1 on [7ru{X)‘Ku] it follows that 

qph = liimr{uk)ph = ph, 

which proves our claim. Now let T G EndJ(TC3,3) and consider [uk,T] G End3(lK2,IK). The 
operator T commutes with p and since [uk,T] G End3(TC3,lK) this operator equals p[uk,T]p, 
and 


lim. (j)([uk,T]) = lim{v,TTu{[uk,T])v) = lim{v,pTTu{[uk,T])pv) 

{v,p[q,'^u{T)]pv) = {v, \p,7ru{T)]v) = 0. 
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Thus, the commutators [uk,T] converge to 0 in the weak topology of End 3 (lK 2 , DC). The same 
argument as in the proof of Theorem 14.131 now shows that the convex hull of {uk) contains an 
approximate unit that is quasicentral for End^{'K‘z,3)- □ 

4.3 Completeness and the technical theorem 

Having established the existence of quasi-central approximate units in operator algebras with 
bounded approximate unit, we can formulate an extension of Kasparov’s technical theorem in 
the spirit of Higson, [25]. For practical purposes we state the following corollary of Theorem 
14.131 as a Lemma. When (u„) is a sequential approximate unit, we say that (u„) € is a 

sequence of far out convex combinations if (vn) S ^{uk : k > n). 

Lemma 4.15. Let 3 be an ideal in a separable unital operator algebra D3, (u„) a sequential 
bounded approximate unit for 3- Let {zi)i,=jq C “B a countable norm hounded subset of “B and 
1 > e > 0. There exists a B quasicentral, sequential bounded approximate unit (vn) for 3, 
contained in the convex hull of (un), such that 

sup ||[u„+i - Vn,Zi]\\ < e”. 
ieN 

Proof. Assuming B separable and (un) countable, the new approximate unit can be chosen 
in such a way as to satisfy the asserted properties. This is done by choosing a countable 
dense subset { 61 , 62 ,...} of B, embedding B in B°° diagonally as usual, and considering 
z := diag( 2 ;i ,... ,Zi,...) G 23°°. From the proof of Theorem 14.131 we obtain an FndJ(D4®) 
quasicentral approximate unit Vn,u] indexed by N x 11, with H the set of finite subsets of 
Fnd 3 (D{s)- Now choose vq := and inductively assume Vk '■= Vnk,u]k ^ ^{un) was chosen 
from Vn,u) in such a way that 


rrik rrik 

i’k= OiUi, 9i G [0,1], = 1, 

i=n]z 1=71^ 

for some nk,mk G N. Now choose 

Vk+l ■= 

where Uk+i > nrik, yielding a sequential approximate unit for 3, which is quasicentral for the 
(6j) and hence for B, as well as for the element z G 23°°. It should be noted that quasicentrality 
does not necessarily hold for all of 23°°. By choosing a subsequence, we can realise that 

||[(Un+i-Un)TdMs,x]|| = ||[(Un+i-Un)TdMs,diag(2i, . . . ,Zi, . . . )]|| = sup \\[Vn+l-Vn,Zi]\\ < e”, 

ieN 

for the given sequence Zi as desired. □ 

Theorem 4.16. Let B he a unital operator algebra, DC C 23 on ideal with countable bounded 
commutative approximate unit and A,3 C B closed separable subalgebras with A3, 3A C X, 
X C 3 and AX = XA = DC. Suppose we are given 

1) a bounded total subset {oj} C A and countable bounded approximate units (n),) C A, (u}) G 
3, and 

2) F ^ B such that, [F,A] C DC and lim^-i^oo Il[-^)'^fc]|| = 0- 
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For any 0 < e < 1, there exist countable bounded approximate units {vn),{uk) contained in 
the convex hull and respectively such that for dn := Vn+i — Vn the following 

convergence properties hold: 


1 ) 

2 ) 

3) 

4) 

5) 

6 ) 
1 ) 
8 ) 
9) 


2n . 
2n 


[dn,F]\\ < e 

[dn,ai]\\ < for all i; 

[dn,Uk]\\ < for all k; 

[dn,Uk]\\ < for all n; 

dn[F,ai]\\ < for n > i; 

dn[F,Uk]\\ < for all n; 

dn[F,Uk] \\ < for n>k\ 

UkUi — OiW < for k > i; 

dn[F, Uktti - ai]\\ < e^+2’^ for n > k > i; 


10)\\[dn,Ukai - aj]|| < e^+2"' for n> k > i. 


In fact these properties continue to hold for any subsequence (vn) ■= {vk„) and the conclusion 
holds for any finite number of subalgebras ... ,An satisfying the hypotheses on A. 


Proof. The case of a finite number of algebras ... ^An is reduced to that of a single algebra 
by setting A := ®'f=iAi C ©”=113 and ©”=iU. We thus prove the theorem for a single algebra 

yi. 

Embed 13, and hence X, 3 and A into EndJ(lK 2 ) as multiples of the identity operator 
The elements 


a := diag(oi,..., Oi,...) and n := diag(ui,..., ...), 

are elements of End^(TC 2 ) as well. Thus by Theorem Id.l.ft there exists a countable, commu¬ 
tative, approximate unit (vn) C which is quasicentral for F, a, u. 

Write dn '■= Vn+i — Vn- By quasicentrality for F, a and u, we can re-index the {vn) if necessary, 
and we may assume that 

IIK,T]||, ||[(i„,a]||, ||[(i„,u]|| < (4.3) 

which in particular means that 

II[dn,life]II, II[dn,©111 < foralH,A:. 

This proves the estimates 1), 2) and 3) for u'^. 

Next we construct an approximate unit {uk) C satisfying 3) and 4). The hypotheses 

imply that 3 is an ideal in the algebra 13 := 1 + A + 3 C 13. The uniformly bounded sequence 
dn G U dehnes an element d := diag(di,..., dn,...) G End’^{!K.^,3)- Apply Theorem 14.141 
to the approximate unit (u'f,) to obtain a countable approximate unit (uk) C '^{u'jf) which is 
quasicentral for d. Thus we may assume that 

||[dn,Ufc]|| < for all n. 

Property 3) is preserved under convex combinations, and is thus valid for Uk- 
Eor 5), since [E, a*] G IK C 0, we may reindex Vn and assume that 

||dn[E,ai]|| < whenever n>i, (4-4) 
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as desired. 


To prove 6), observe that because by assumption lim^^co = 0) we may assume that 

2k 

with C := supfc ll^fcll- Then since ||dri|| < 2(7 the claim follows. 

For 7) we use that [F,Uk] G IK C 0 so dn[F,Uh] 0 for each k, which, by passing to a 
subsequence of the dn if necessary, amounts to 

||(in[F, Ufc]II < whenever n>k. 

k 

For each a, we have the norm convergence u^ai —> ai. Therefore, given 0 < e < 1, we may 
re-index the approximate unit for A such that 

\\ukai — ttiW < e^, whenever k > i. 


k 

Note that such a re-indexing does not affect the norm convergence [T, Uk] —>• 0 nor the properties 
3), 4) and 6). To preserve property 7) we may need to pass to a reindexing of Vn, which can be 
done without affecting properties 1) — 6). This means that we may assume that for all k > i 
we have \\ukai — ai\\ < , which proves 8). 

For 9) and 10), we can, since 8) is true, assume that for all z G Z we have that 


:= diag j g ji°o ^ End 3 (lH:B). 

Apply Lemma 14.151 to obtain an approximate unit (u„) for J which is quasicentral for all the 
Zi, and we may achieve 

||[d„,Zj]|| < whenever n > i, (4.5) 

as well. Note that the estimates (14.31) . (14.41) . (14.5p remain valid when (vn) is replaced by a 
subsequence or a sequence of far out convex combinations. The same is true when (zz^) is 
replaced by a subsequence (ufc) := {un^), so that u is replaced by ti := diag{uk)k and Zi by 

■— 1 p )k- 

UK,it]II = sup UK,Kill = IIK,KJ|| < sup||K,^fc]ll < 

k k 


and 


||K,^j]|| = sup UK 

k 


UkCLi CLi 


111 < sup IIK 

k 


kli 


< sup UK 

k 


tlkCii CLi-. 


< e 


2n 


Lastly, since for fixed i, k we have [F, the sequence 

j r '^k^i tZj n 

dn[F, -r-] -> 0, 

which means that another re-indexing achieves 

ioY n> k > i and thus 

||K[T,tifcOj — ajjll < whenever n > k > i. 

This completes the proof of 9) and 10). 


□ 
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For our first lifting result, we need the following elementary result concerning the strict topology 
on a C'*-module. 

Lemma 4.17. Let (Tn) C ^{E^) be a sequence converging strictly to T ^ ^^{Eb)- Then there 
exists a sequence {Sn) C ^{Tn) such that Sn ^ T in norm. Hence for any essential Kasparov 
module {A, Eb, E), A has an approximate unit (un) such that [E,Un] —)• 0 in norm. 

Proof. We need to show that T„ —)• T in the weak topology of M.{Eb), for then there exists 
a sequence in the convex hull of the that converges to Sn in norm. Since every linear 
functional on a C^-algebra is a linear combination of four states, it suffices to show that for 
all states a : K{Eb) —)• C we have cr{Tn) —)• cr(T). Any such a can be realised as a vector 
state for a vector in the universal GNS-representation of ]K(F1). The representation 
TTu ■ K{Eb) —)• IB(Ffu) is essential, so 7ru(T„) converges to 7r„(T) weakly in B(lKu). Thus 
a{Tn) = {va-,T^u{Tn)va)u {va,T^u(T)va-)u = cf{T) and we are done. 

Let (A, Eb,E) be a Kasparov module for which the A representation is essential. Any approx¬ 
imate unit (un) for A will converge strictly to the identity operator on Eb and [E,Un] 0 
strictly in Eb- Therefore the previous argument yields a contractive approximate unit (tt^) 
for A such that [E, —>• 0 in norm. □ 

Proposition 4.18. Let A,B be separable C*-algebras. Any class in KK{A,B) can be repre¬ 
sented by an unbounded Kasparov module {A,Eb,S) such that A admits an approximate unit 
(un) with [S', Un] 0 in norm. 

Proof. Let {A,Eb,F) be a Kasparov module for which the A representation is essential. Let 
{u'f.) be an approximate unit for A such that [F,u'j^] —?■ 0 in norm, as in Lemma 14.171 Let 
v'n be a contractive approximate unit for Jp. Applying Theorem 14.161 with !B = Endig(K), 
JC = IK(K), 3 = Jp, A = A, we obtain approximate units (vn) for Jp and (un) for A with the 
properties 1)-10) of Theorem 14.161 Recalling that dn ■= Vn+i — Vn, we define 

OO 

= c:= y^^s~'^dn, 

n=0 

which is an unbounded multiplier of the ideal Jp. By 2) of Theorem 14.161 [£“^,a] is bounded 
on im £ for a dense set of a G A, and by 5), [F,a]i~^ is also bounded on im i for the same 
dense set of a G A. By 1) [F,£~^] is bounded on im £ and since (1 — G Jp we may also 
assume (1 — to be bounded of norm < 1. Thus £ is admissible and by Theorem 14.41 

the operator S := ^{F£~^ -\-£~^F) lifts {Eb,F) to an unbounded Kasparov module. 

k 

Thus it only remains to check that [5, Uk] —>• 0 and that [S, UkOi — Oj] —> 0 for all i. The 
properties 3), 4), 6) and 7) now imply that 

OO 

\\[F£-\uk]\\ = \\F[£-\uk] + [F,Uk]£-^ = \\Y,Fe-^[dn,Uk] + e-^[F,Uk]dn\\ 

n=0 

< II '^Fe~'^[dn,Uk] -P s~'^[F,Uk]dn\\ + || Fe~'^[dn,Uk] + s~'^[F,Uk]dn\\. 

n<k n>k 
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Now applying properties 4) and 6) to the first term and properties 3) and 7) to the second we 
estimate 


\\[Fr\uk]\\ < + = e^(^2e” + ^2e") < 

n<k k>n n<k n=l 

and thus hmfc_j.oo[5,0. Lastly, observe that by 8) we have \\ukai — ai\\ < whenever 
k > i. Then for k > i we can estimate 

\\[Fi~^,Ukai - ai]|| < \\[F,Ukai - ai]i~'^\\ + \\F[i~^,Ukai - aj]|| 

< '^s~'^\\F[dn,Ukai - ai]|| + e“”||[F, ttfcaj - ai]dn\\ 

F ^ ^ £ ||F[(i^, UkCLi Oj] II T £ II [F, UkO-i ni]dn || 

n<k 

^ ^ S II , Uj^Cli Q-i] II “h 5 II [F , UkCli II 

n>k 

< Ce^+^ by 8), 9) and 10) 

n<k n>k 

< 2C£^ 

k 

and thus [S, u^ai — Oj] —> 0 for alH. □ 

In the case of Fredholm modules, the absence of technicalities related to complementability of 
submodules allow for a better version of the above proposition. For an A-Fredholm module 
{A,‘K,F), we write p for the projection onto ['k[A)‘K], also note that [F,p] £ J since 

[F,p]7r(o) = [F,p7r(a)] -p[F,7r(a)] = [F,7r(a)] -p[F,7r(o)]. 

Lemma 4.19. Let A be a separable C*-algebra, {A,'K,F) be a Fredholm module with F = F* 
and F^ < 1. Let p be the projection onto ['i:{A)‘K]. There exists h ^ J such that: 

1) h has dense range; 

2) \pFp, h] = 0. 

Proof. Since the module {'K,pFp) is a compact perturbation of (IK, F), and 1—p £ J, it suffices 
to construct h £ B(plK), since h + {1 — p) G B(fK) then has the desired properties. Thus, we 
replace TC with pTC = [7r(^)lK] and F with pFp, so we may assume p = 1. The operator 1 — F^ 
is in J and TC splits as 

ffi: = [Im(l - F^)] © ker(l - F^). 

The operator F respects this decomposition since F is self-adjoint. Choose a strictly positive 
k £ ]K(ker(l — F^)), and consider k + FkF : ker(l —F^) —)• ker(l —F^). This element commutes 
with F|ijgj,(]^_^ 2 ) since F^ = 1 on this subspace. Now define 

h:= {1-F^) + k + FkF £ J, 

which commutes with F. Moreover h > 0 since 1 — F^ > 0 and h has dense range because it 
is an orthogonal sum of elements with dense range in their respective subspaces. □ 
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Using this particular h, one can lift the Fredholm module directly to a self-adjoint element, 
and one does not need to assume that the representation is essential. 

Definition 4.20. Let A, B, C be separable C*-algebras {A, Eb, F) an essential {A,B) Kas¬ 
parov module and {'B,Fc,T) an essential unbounded Kasparov module such that 23 has 
bounded approximate unit. 

Suppose we are given a complete projective 23-submodule L® C Eb with Grassmann connection 
V : £5 —>■ E®b^t that 1 ( 8 )v T is the associated self-adjoint regular operator on E®bFc- 
The pair (£$, V) is compatible with {A,Eb,F) if 

1 ) F (g) 1 , (1 - F2)5 (g) 1 E Lip(l (gv T); 

2) there are bounded total subsets {oj} C A and {cj} C Jp such that for all i,j, the elements 
ai,Cj G Lip(l (gv T); 

3) there is an approximate unit (tt^) C A for which 

lim II[1 (gv T, Uk]\\ —0, lim || [F, Uk]\\ 0, and for all i, lim ||[1 (gy T, UkOi - a*]|| =0; 

k—^oo k^oo fc—>-oo 

4 ) there is an approximate unit (wn) for Jp such that limn,_>.oo ||[1 (gy T, u;„]|| = 0 and for all 

j, II [1 g)y T,WnCj - Cj]\\ 0. 

The proof of the next result brings together our various technical innovations. First, the 
characterisation of our strongest form of completeness from Theorem 11.251 is present to ensure 
that the operator [s,t](s ± i)~^ is bounded. Our version of Kasparov’s technical theorem, 
Theorem 14.161 is used only for C'*-algebras, but we use quasicentrality for a differentiable 
algebra 3 in precisely one place, to ensure that [F,i~^] is not just bounded, but even in 
Lip(l (gy T). 

Theorem 4.21. Let A, B be separable C*-algebras, 23 a differentiable algebra of an unbounded 
Kasparov module {F>,Fc,T) and {A,Eb,F) a bounded {A,B) Kasparov module. If Fp admits 
a compatible complete projective submodule £® C Fp, then {A,Eb,F) can be lifted to a corre¬ 
spondence {A, S-'B, SjV) for (23,Fc,r). 

Proof. Since we are given a compatible complete projective submodule £® C Fp we use the 
notation and data of Definition 14.201 By Proposition 13.191 the elements a, and cj are in 
End 3 (£^). Denote by A the closed subalgebra of End 3 (£^) generated by the Uj, by 3 the 
closed subalgebra of End 3 (£^) generated by the cj, and let 

V : £3 —> F'^pLlp, 


be the Grassmann connection. 

We proceed in two steps. By hypothesis, there is a countable approximate unit (wn) for 3 
satsifying condition 4) of Definition 14.201 Also F3, 3F C 3- By Theorem 14.131 there is an 
F quasi-central approximate unit for 3 contained in the convex hull of Wn, and we set 
d'n = can assume ||[F, d^]||g = || [F, cf. Theorem 14.161 Since 

Wn) ~ 'TWWkn built from far out convex combinations of Wn, this approximate unit will 

in particular again satisfy 


rrin 

[1 (gy T, v'n] = di[l (gy T, Wi] —^ 0, 

i=kn 
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in norm. We may without loss of generality assume that ||[1 (8)v Thus we have 

||[1(8)vT,<]|| < (4.6) 

In particular (u(j) is an approximate unit for the C'*-algebra Jp- By applying Theorem 14.161 
with !B = End)g(£^), 3 = A = A, and % = M.(Eb) we obtain the approximate unit (u„) for 
Jp with the properties 1)-10) of Theorem 14.161 

It is important to notice that this can be achieved without losing the properties (j4.6p . because 
these are stable under far out convex combinations. Thus, by Theorem 11.251 we obtain the 
positive unbounded multiplier 

£ — C ■— ^ ^ £ dri) dn — Vji+1 Vji 

for the algebra 3, with the property that [1 (8)v is bounded. Because the (vn), as 

an approximate unit for the C'*-algebra Jp, have properties 1)-10) from Theorem 14.161 the 
argument from the proof of Proposition 14.181 can be repeated to see that the self-adjoint lift 
S := + £~^F) makes {A, Fb, S) into an unbounded Kasparov module such that A has 

an approximate unit with [S, Un] —?• 0 in norm. So 1) of Definition 14.11 is satisfied, and 2) is 
satisfied by the assumption that is complete and 3) by assumptions 2) and 3) of Definition 
14.201 We now turn to proving 4) of Definition 14.11 

It follows from the properties (14.6p that [F,£~^] £ Lip(l (8)v T). To see this, observe that the 
finite sums Yln=o preserve the domain of 1 (8)v T, and using the properties (j4.6l) we 

find that 

||[l®v T, [F,£-^]]\\ = II J^e-[l®vT,[F,d„]]|| < J]e-||[l®vT,[F,d„]]|| < J]e"<oo. 

n n 

Now compute on Dom 1 T 

[1 T,S]{S±i)-^ = [1 T,S]{S±i)-^ = [1 ®v T,F£-^ - [F,£-^]]{S ± i)-^ 

= [1 T, F£-^]{S ± i)-^ - [1 T, [F, £-^]]{S ± i)-\ 

by which it suffices to show that [l^vT, is bounded. Note that we may assume 

that ||[T,£“^]|| < 1 and thus that F£~^Fi : im £ —)• Fb is surjective and has adjointable inverse 
{F£~^ ± i)~^. Then by the resolvent equation 

iS±i)-^ = {F£-^ - ^[F,£-^]±i)-^ = {F£-^±i)-^ + ^{F£-^ ± i)-^[F,£-^]{S ± i)-\ 

and it suffices to show that [1 (8)v T, F£~^{F£~^ ± i)~^ is bounded on Dom 1 (8)v T. Then 

[1 T, F£-^] iF£-^ ±i)-^ = [1 T, F]£-\F£-^ + i)-^ + F[1 T, £-^] {F£-^ ± i)-^ 

= [1 T,F]{F ± i£)-^ + F[1 T,£-^]{F£-^ ± i)-\ 

which is bounded on Dom 1 (gjy T. Therefore (^1, 6®, 5, V) has the required properties. □ 
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4.4 Lifting Kasparov modules to correspondences 


In view of Proposition 14.211 in order to lift a pair of Kasparov modules {A, Eb,Gi) and 
{B, Fc,G2) so that we can construct their Kasparov product, we need to find an unbounded 
representative (“B, Fc, T) such that {A, Fb, Gi) admits a compatible pair (fi®, V) of a complete 
projective submodule and connection in the sense of Definition 14.201 We begin with a Lemma 
about a special subalgebra of the multipliers of the linking algebra. Recall that the linking 
algebra L{Fb) of the C*-module Fb is the algebra of compact endomorphisms of Fb® B. 

Lemma 4.22. Let Fb be a G*-module and A C End^(K) an essential G*-subalgebra with 
self-adjoint contractive approximate unit [u^), and let {u^) be an approximate unit for B. 
Then the collection of operators 

£a(Eb) := + ^^^y.a€A,K€KiFB), b € B, e, f € Fb^ C End^iF ® B), (4.7) 

0 

is a G*-subalgebra containing the linking algebra L{Fb) as an ideal and Un := ) is an 

approximate unit for La{Fb)- The algebra La+{Fb+) coincides with the unitisation La{Fb)~^■ 

Proof. A quick computation shows that La{Eb) *-algebra. Since K{Fb) is an ideal in End|j(K) 
it follows that A + 'K{Fb) is a C^-algebra. Moreover, because A is essential, [AFb] = Fb, it 
follows that u^{e\ = {u^e\ —>■ (e| and \e)u^ = \u^e) —)• |e) for all e G Fb- Thus u^K —)• K 
for all K G 1K(Eb), and is approximate unit for A + IK(Eb). Using the corresponding 
properties for u^, the same argument shows that is an approximate unit for La{F). 

The statement on the unitisation is immediate. □ 


We now recall a definition from [18], where the notion of connection was introduced in the 
bounded picture of KiL-theory. 


Definition 4.23. Let {B,Fc,G) be a {B,G) Kasparov module and Fb a C*-module over B. 
An operator G G Endp(E ®b Fc) is a G 2 -connection if for each e G F the operator 





^ G Endc{F®BFc © Fc), 


is compact. 


It is well known that G 2 -connections always exist, by realising Fb as a complemented sub- 
module of TCb+ via V : Fb —)• TCb+ and defining G := u*ediag(G 2 )u =: v*G 2 ,e'v. It is useful to 
observe that in Eiidc{F®BF © F) we have the identity 


Vo oy ^ Vo 0 y Vo G2) \{x^ 


which can also be written as a matrix product 


fO |xi)y 

VO oy, 






of a row, a diagonal matrix and a column. 
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Lemma 4.24. Let A C End^(£' 5 ) be an essential subalgebra with approximate unit {un) and 
{B, Fc,G 2 ) a Kasparov module. Let ® homogenous frame for Eb with stabilisation 

isometry v : Eb —)• and associated G 2 -connection G = ?;*ediag(G 2 )u. Then there is 

a G-quasicentral approximate unit {un) for A contained in the convex hull ^{un): that is 
[G, Un] 0 in norm. 


Proof. This will follow from a direct application of Theorem 14.131 Consider the algebra 

Un 0 


Lj^+{Eb+) and the ideal La{Eb+) as defined in ()4.7p . with its approximate unit = 
We view the row, respectively column, 


0 1 


\x) := 


0 \xi) 

0 0 


{x\ := 


0 0 

{xi\ 0 




as elements in End^^^^^; By Theorem 14.131 the convex hull ^{un) contains 

Un 0 


an (x|, I x)-quasicentral approximate unit u'f = 


0 1 


Observe that 




= 0 . 


Writing u'f for u'f ■ ( Eg+ ) when necessary, we can compute 


[G, Un] 0 

0 0 


''A+ 

G 0 
0 0 

0 \x) 

0 0 

0 \x) 

0 0 


Un 0 
0 1 


e ■ diag 


Un 0 
0 1 


0 0 
0 Gs 


£ ■ diag 
£ ■ diag 

which converges to 0 in norm by Theorem 14.131 Therefore [G,Un] converges to 0 in norm. □ 




0 |x) 

0 0 


0 0 

(x| 0 

0 0 
0 G2 

0 0 
0 G2 


Un 0 
0 1 

0 0 

(x| 0 


0 0 

(x| 0 


Un 0 
0 1 


Given a ^-homomorphism B —>• End^(T’), the algebra End^(£'B 0 B) is naturally represented 
on the G*-module E®bF ® F- In particular, the linking-type algebras defined in Lemma 14.221 
act on E®bF 0 F. We prepare the setting for the proof of our final lifting result, which 
is yet another application of Theorem 14.161 Recall that given a bounded Kasparov module 
{A, Eb, Gi), we define Jqi to be the G*-algebra generated by ]K(Eb) and Id^;^ — Gf. 


Lemma 4.25. Let {A, Eb, Gi) and {B, Eq, G 2 ) be Kasparov modules and a homogenous 

frame for Eb with stabilisation isometry v ; Eb —)• Rs+ and associated G 2 -connection G = 
v*G 2 ,eV. Write G := and Gi := q). As in Lemma \4.22\ consider the algebras 


Aq ■= ^a{Eb), Ai := £j^^(Eb). 


For p = 0,1 define the G*-algebras Jp generated by K{Eb) 0 10 K{Fc), [G, Ap], [G, Gi] and 
\ — & on E®Ec ® Fc. Let Bp be the G*-algebras generated by Idg^^p^^, Ap and Jp. Let Kp 
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be the C*-suhalgebra of Bp generated by ApJp and JpAp. Finally, define Jp = Kp + Jp. Then: 

1) Ap admits G,Gi (S> 1-quasicentral approximate units Un of the form 


(u2,) = 




0 


u: 


[u„ = 


0 


u. 


where [u^), [u^), (wh) approximate units for A,B and Jqi respectively; 

2) Jp admits an approximate unit {vfi) = ^* 2 ) where {vn) is an approximate unit for the 

algebra generated by [G,Ap], \G,Gi (8> 1], 1 — G^ and K{Eb) <8> 1 and (w)^) is an approximate 
unit for Jg 2 / 

3) Kp is an ideal in Bp; 

4) ApKp = KpAp = Kp, that is Kp is Ap-essential; 

3) ApJp, JpAp cZ Kp d Jp, 

6) [G,Ap\ c Kp. 


Proof. To prove 1), we show that both and Ai admit approximate units (u°), (u^) that 
are quasicentral for G and Gi 0 1. Since both A and Jgi are essential on Eb, by Lemma 14.241 
there exist approximate units (u^), (wj^) for A and Jg^, respectively, that are quasicentral 
for G. Since [^1,^4], [Gi, Jcj C K(Eb), the approximate units (u:^), (w^) can be chosen 
Gi-quasicentral as well by Lemma 14.171 For the same reason B admits a G 2 quasicentral 
approximate unit (u^). By Lemma 14.221 setting 








yields G, Gi ® 1-quasicentral approximate units for Aq and Ai. 

To prove 2) we first show that any G-quasicentral approximate unit {vZ) for Jp is an approxi¬ 
mate unit for Jp. Since Jp is essential (it contains J2{Eb) ), existence of such (vn) is guaranteed 
by Lemma 14.241 It is clear that (vn) is an approximate unit for Jp and JpAp. For ApJp it 
suffices to show that 

v^lG, b] = vP[G, ab] - vP[G, a]b 0, 

vPa[G,Gi] = [G,vPaGi] - [G,uP]aGi - uP[G,a]Gi ^ 0, 

<a(l - &) = vP{l - G^)a + [G, <][G, a] - Gvn[G, a] - <[G, a]G ^ 0, 
which all follow from G-quasicentrality of {vn)- 

Now we proceed to the statement of 2). Consider the subalgebra of End^(Fl®T) generated 
by [G, Ap], [G, Gi (8) 1], 1 — G^ and K{Eb) <8) 1, and choose a G-quasicentral approximate unit 
(vn) for this algebra, as well as a G 2 -quasicentral approximate unit (u;^) for the algebra Jg 2 - 
Then (vn) ■= dia.g{vn,w'^) is clearly an approximate unit for the diagonal entries of Jp. For 
the off-diagonal entries, it suffices to show that for all e G Eb, {vn) is a two-sided approximate 
unit for the operators 


/G 0\ fO \xi)[G2,{xi,e)] 

Vo G 2 J ’ VO 0 / J A' VO 0 


(4.8) 


Since e G Eb, the series X]jgg[G 2 , (xj, e)]*[G 2 (a;i, e)] is norm convergent in IK(Fc') C Jg2- 
Therefore {vn) is a right approximate unit for the operator in Equation (j4.8h . On the other 
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hand, since the series \ xi)[G 2 , {xi,e)] is norm convergent and {vn) is an approximate for 

K{Eb) <8) 1, it follows that (vn) is a left approximate unit for operators of the form (14.81) . 

For 3) it is sufficient to observe that is dense in Ap and Jp is dense in Jp. Thus the 
subalgebra generated by Apjp, JpAp is indeed a two-sided ideal in Bp. 

For 4), to show that ApKp = KpAp = Kp it suffices to show that JpAp C ApKp and ApJp C 
KpAp. To show that JpAp C ApKp, it suffices to show that for all a,b G Ap we have 

uP^[G,a]b^[G,a]b, <[G, Gi ® l]a ^ [G, Gi ® l]a, uP^{ 1 - &)a ^ {1 - &)a. 

These limits all follow directly from G,Gi 0 1 quasicentrality of (un). 

Property 5) is immediate from the definition of Kp and Jp. 

Property 6) follows from the convergence Un[G, a] = [G, Uno] — [G, v^]a —)• [G, a] for all a G Ap, 
since Un[G, o] G ApJp C Kp. □ 

Proposition 4.26. Let A,B,C he separable C*-algebras, and let {A, Eb,Gi), {B,Ec,G 2 ) he 
essential Kasparov modules. Then {B, Ec,G 2 ) can be lifted to an unbounded Kasparov module 
{T>,Ec,T) such that 23 has an approximate unit {un) with [T,Un] —)• 0 m norm, and moreover 
Eb admits a compatible complete projective “B-submodule £2 C Eb in the sense of Definition 

UM 


Proof. To prove the theorem, we have to lift G 2 to an unbounded representative T with 
resolvent in such that B admits a differentiable subalgebra with an approximate unit 
(u^) such that [T,u^] —)• 0 in norm. Moreover, the lift T should also satisfy Definition 14.201 
This means we have to provide a column hnite frame for Eb such that the resulting 

submodule £2 is complete, as well as satisfying properties l)-4). These properties imply that, 
for V the Grassmann connection associated to the frame (xi).^^, the operators Gi and (1—Gf) 2 
are elements of Lip(l (8)v T) and the algebras A and Jqi admit differentiable subalgebras A 
and 3gi, generated by (1 — G^) and K(Eb), with approximate units (u^) and (w^) such that 
lim„^oo[l®v^)^n] = hm„_).oo[l<8)v^)'f^n] = 0- In order to achieve this, we once again employ 
linking-type algebras. 

Choose a stabilisation isometry v : Eb —)• 34^+. Consider the frame {xi).^^ := {v*ei).^^ and 
the corresponding frame approximate unit (xn) ■= '^\xi){xi\. By Lemma 14.241 there exists 
an approxmate unit {wn) G ^(Xn) with \G,Wn] —)• 0 in norm. We proceed with the notation 
introduced in Lemma 14.251 and apply Theorem 14.161 with 

Q 41 = ^0®^!, %:=Ko®Ki, 

which by Lemma 14.251 satisfy A'd, 3A C 34, 4134 = 3441 = 34 and the algebra 33 is unital. 
Since the approximate units (u°) for Aq and {w^) for K{Eb) are G-quasicentral, and {vn) 
are approximate units for Jp, we can apply Theorem 14.161 bv setting (u^) := (u°) 0 {ujf), 
(P’n) — ('^n) ® (^n)- doing SO we obtain approximate units (u^), (u„) satisfying properties 
1) — 10) from Theorem 14.161 In addition to these properties, with ~ Vn, we may also 

assume that: 


33 — Bq (B Bi, 3 — Jo ® >4i, E — G — 


11) ||(i)j[G,diag(tCfc,0)]|| < for all n; 

12) ii(ii[G,diag(rcfc,0)]ii < for n > /c; 
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13) ||[(i)j,diag(0, (xi,xfc)).gg]|| < for n>k] 

14) ||4[G,diag(0, (xi,Xfc)).gg]|| < for n > /c; 

15) ||[dP,(x|]||<e2n. 


Properties 11) and 12) can be achieved because K{Eb) (8> 1 © 0 C Ji, so this only requires 
a further convexity argument when running the proof of Theorem 14.161 Properties 13), 14) 
and 15) are a direct appliciation of Theorem 14.131 bv viewing the columns (x| and 
as elements in End£(^^)+(F£(£;^)+). 

The (un) so obtained from Theorem 14.161 dehne two unbounded multipliers on E®Fc © Fc 




n 





< = <+i 


— V 


p 

ni 


which we use to lift G in two ways. That we obtain the same t ^ for p = 0, 1 follows from the 
form of (un), that is, the approximate unit (rc^) for occurs in both lower right corners. 

From the specific form of the (un) and (vn), cf. Lemma 14.251 2i and 3), it follows that we 
obtain new approximate units {u^) for A, {wj^) for and (vn) for the algebras generated by 
[G,Ap\, [G,Gi © 1], 1 - and K(Fs) © 1. 

This allows us to define unbounded lifts Tq := and Tf := Gk^^. One proves, as in 

Proposition 14.181 that A admits a differentiable subalgebra A for which {u^) is an approximate 
unit with lim[To,tt^] —)• 0 in norm. For Jq^ the same statement holds with respect to Ti. 
Moreover, 11) and 12) ensure that [Ti,Wn] —)■ 0 in norm as well, again with the same proof as 
Theorem 14.181 Furthermore properties 13) and 14) guarantee that the columns [T, (xj, 
are elements of 34Endp(F)- That is, the frame (xj) is column finite for T. 

It must be noted that our method does not allow us to obtain a uniform bound on the norms 
of these columns, and thus we are not able to produce a projection operator in Fnd 3 (lK®). 
Later, we will see that we do obtain a complete projective module. 

We now compare the connection operator 1 ©v T of the frame to the operators Tp, 

p = 0,1, which we have used to lift the bounded connection G. Condition 15) guarantees that 
[h~^, (x|] is a bounded operator. Since 




(4.9) 


it follows that vim kp C im ^ and n* im i C im kp. We wish to show that the difference 
Tp — 1 ©V T is bounded. To this end we compute 

v*G 2 ,£i~^v - Gk~^ = \x)G 2 ,ei~^{x\ - \x)G 2 ,£{x\k~^ = \x)G 2 ,£{t~^{x\ - {x\k~^), (4.10) 


which is bounded by construction. Note that this implies the self-adjointness of 1 ©v T, and 
also that Tq and Ti have the same domain. 

Since [Ti,rt„] —)■ 0 in norm and —>■ 1 strictly on E0bF, it follows that [1 ©v T,Un] 0 
strictly, and so is a bounded sequence. Hence p[T^,vUnV*]p = v[v*T^v,Un]v* —^ 0 on a dense 
subspace of TCb+^F, and by boundedness of the sequence, strictly on all of “Kb+^F. Hence the 
frame (xj) defines a complete projective submodule £s C Eb, which also (and independently) 
proves the self-adjointness of 1 ©v T. 
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Lastly, we must show that there are approximate units (u^) G ^{u^) for A and (wn)^ G 
for Jgj that satisfy 

lim[l (g)v T, u^] = lim[l T, u;^] 0, (4.11) 

in norm. Observe that we can obtain the strict convergences of Equation M.lljl . for both (u^) 
and {w\) converge strictly to 1 on E®bF and the lifts Tq and Ti are bounded perturbations 
of 1 (8)v T. 

The column in Equation (I4.9jl is an element of End^ ,Jp), because for each i we have 
[V, (xjl] G Jp. Thus by Theorem 14.141 there exist (x|]-quasicentral approximate units 
in the convex hull ^{un), which at the same time remain G-quasicentral. The resulting ap¬ 
proximate units will again be of the form indicated in Lemma 14.251 1). Now compute 


[Gk-^ -v*G2,J-^v,u^] 0 


0 0 
0 G2,e 


\x)G[hp ,(x|], 



(^l], 


0 

0 



u: 


A 


u. 


0 , 


and the same computation works for (w^). □ 

Theorem 4.27. Let A,B,C be separable G*-algebras, x G KK{A,B) and y G KK{B,C). 
There exists an unbounded Kasparov module {'B,Fc,T) representing y and a correspondence 
{A, £$, S, V) for (23, Fq, T) representing x. Consequently {A, F®bFc-, 5'(8)1-|-1®v^) represents 
the Kasparov product x®bV- 

Proof. First represent x and y by essential Kasparov modules. By Proposition 14.261 for any 
pair of essential Kasparov modules, the second module can be lifted such that the first module 
admits a compatible complete projective submodule. Now apply Theorem 14.211 □ 

By the same method, and lifting simultaneously with n -|- 1 Kasparov modules instead of 2, 
one can prove that for classes Xn, ■ ■ ■ ,xo with Xj G KK{Aj+i, Aj), one can find an unbounded 
Kasparov module (^li, Eaq,Tq) representing xq and correspondences {Aj+i, E-a ■, Fj,Vj) repre¬ 
senting Xj such that for each 1 < j < n, (.Aj+i, Eaj , Tj, Vj) is compatible with 

(®(yi i+i) £yii! Ej, ® {A\, EAq,Tq). 

A Weakly anticommuting operators 

Definition A.l (cf. [30]). Let Eb be a graded C'*-module and s,t odd self-adjoint regular 
operators such that for all A, ^ G M \ {0}: 

1) there is a core X for t such that {s ± Xi)~^X C Domt; 

2) t{s ± Ai)“^ A C Dom s; 

3) [s,t](s ± is bounded on X. 

Then we say that the pair (s,t) weakly anticommutes, or that t anticommutes weakly with s. 
Note that this relation is not symmetric in s and t, and that the graded commutator is defined 
on im (s -|- Xi)~^X. 
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It was proved in [30] that the sum of weakly anticommuting operators occurring in odd Kas¬ 
parov products is self-adjoint and regular on DomsHDomt. Since we are concerned here with 
the general graded case, a few words are in order. 

Lemma A.2. If {s,t) is a weakly anticommuting pair then the operators {s ± preserve 

the domain oft and is bounded on Domt. Consequently 

s ((s — Ai)“^ Domt) C Domt, t (im (s — Az)“^ Domt) C Dorns. (A.l) 

Therefore [s,t] is defined on (s — Ai)“^ Domt = im (s — Xi)~^{t — 


Proof. For x £ X, the commutator [t, (s ± Xi) can be expanded as 

[t, (s ± Ai)“^]x = (t(s ± Xi)~^x -|- (s =F Xi)~^tx = (s =F Ai)“^((s =F Xi)t + t{s ± Ai))(s ± Xi)~^x 
= (s =F Ai)“^[s, t](s ± Ai)“^x, 

and by 2) of Definition I A. 1 1 this operator is bounded. Thus by [221 Proposition 2.1] (s± Ai)“^ 
preserves the domain of t. Since A is a core for t, for every x G Dom t we can choose a sequence 
Xn £ X such that Xn ^ x and txn —t tx. Then 

t{s — Xi)~^Xn = —(s -|- Xi)~^tXn -|- (s “k Az)“^[s,t](s — Xi)~^Xn 

—(s + Xi)~^tx -k (s -k Af)“^[s,t](s — Az)“^ 3 : £ Dorns, 

which is a Cauchy sequence, so the limit equals t(s — Xi)~^x £ Dorns. The statement that 
s ((s — Ai)“^ Domt) C Domt follows directly from the equality 

s(s — Xi)~^{t — p,i)~^ = {l ~ — Xi)~^{t — p.i)~^ 

This proves (jA.ip . □ 

Lemma A.3. For |A| > 1 there is a constant C such that ||[s, t](s ± Ai)“^|| < C. Thus, for |A| 
sufficiently large, we may assume e := ||(s =F Az)“^[s,t](s ± Ai)“^|| < 1. 


Proof. Let C := 2||[s,t](s -k and write 

(s -k Ai)“^ = (s -k i)~^ — (s + 

Using this, estimate 

||[s,t](s -k Af)“^|| < ||[s,t](s -k i)~^ - [s,t](s -k i)~^iX - l)i{s + Af)“^|| 

< + 0“'ll + \\[s,t]{s + f)-i||(A - l)z(s + Xi)-^\ 

c(. . IA-l|.,c, 


-2^+ |A| 

since |A| > 1. Consequently, using that ||(s ± Af)“^|| < m, we find that 


C 


stAz) ^[s,f](s±Az) II <-pq-< 1, 


for |A| sufficiently large. 


□ 
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Theorem A.4 fcf. |30]h If {s,t) weakly anitcommutes, then s + t is closed, self-adjoint and 
regular on Dorns n Domt, and im (s zh i)~^{t ± i)~^ is a eore for s -\-t. The same holds for 
s — t. 


Proof. It was shown in m that the sum s + t of such operators is closed, self-adjoint and 
regular on Dorns H Domt by a localisation argument. However, to get the statement on the 
core, we proceed by adapting the spectral argument given in m- Choose A large enough as 
in Lemma lA.31 The operators 

X := (t + fJ.i)~^ — {s — Ai)“^, y := X* = {t — fJ.i)~^ — (s + Az)“^, 
have dense range. This follows because xx* is strictly positive by esitmating 

XX* = -\-1^)~^ + (A^ -\- s^)“^ — + + \i)~^ — {s — \i)~^{t — yi)~^ 

= (/i^ t^)~^ + (A^ -b s^)“^ - (i + “ 2Abt)(s - \i)~^{t - yi)~^ 

= [Y +1^)~^ + (Y -b s^)“^ + 2Xy{t + yi)~^{X‘^ -b s‘^)~^{t - yi)~^ 

— {t + fj,i)~^{s -b Az)“^[s,t](s — Xi)~^(t — fii)~^ 

> (1 - e){Y + + (Y + Yy^ + 2Xy{t + -b s‘^y^{t - 

using lA.ll and Lemma IA.3I Since the latter operator is strictly positive, so is xx* by m 
Corollary 10.2]. The same holds for x*x. The rest of the proof now follows by using the 
factorisations 

X = {s + t + {fi — X)i — (s + Ai)“^([s, t] — 2Xy)){s — Ai)“^(t — yiy^, 

y = {X- fi)i- {s - Ai)“^([5,i] - 2Xfi)){s + Xi)~^{t + 

as in HU Theorem 6.18], and applying |41l Lemma 6.1.7]. The statement for s — t is obtained 
by observing that (s, —t) weakly anticommutes. □ 
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